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Abstract 

In this work we continue the study of the Weyl asymptotics of 
the distribution of eigenvalues of non-self-adjoint (pseudo) differential 
operators with small random perturbations, by treating the case of 
qq | multiplicative perturbations in arbitrary dimension. We were led to 

I/"") ■ quite essential improvements of many of the probabilistic aspects. 

co i 

| Resume 

Dans ce travail nous continuons l'etude de Pasymptotique de Weyl 
de la distribution des valeurs propres d'operateurs (pseudo-)differentiels 
avec des perturbations aleatoires petites, en traitant le cas des per- 
turbations multiplicatives en dimension quelconque. Nous avons ete 
^ ■ amenes a faire des ameliorations essentielles des aspects probabilistes. 
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1 Introduction 

In [5] Mildred Hager considered a class of randomly perturbed semi-classical 
unbounded (pseudo-)differential operators of the form 

Ps = P(x, hD x ; h) + 5Q W , < h < 1, (1.1) 

on L 2 (R), where P(x,hD x ;h) is a non-self-adjoint pseudodifferential oper- 
ator of some suitable class (including differential operators) with leading 
symbol p(x, £) and where Q^uix) = q UJ (x)u(x) is a random multiplicative 
perturbation and 5 > is a small parameter. 

Let T <s C have smooth boundary and assume that p~ 1 (z) is finite for 
every z G T and also that {p, p}(p) ^ for every p G p _1 (r). Then under 
some additional assumptions Hager showed that for 5 = e~ e ^ h , the number 
#(a(Ps) fl T) of eigenvalues of Pg in T satisfies 

|#HA) n r) - ^voi (p-\T))\ < (i.2) 

with a probability very close to 1 in the limit of small h. 

Recently, W. Bordeaux-Montrieux [1] established almost sure Weyl asymp- 
totics for the large eigenvalues of elliptic operators and systems on S 1 under 
assumptions quite similar to those of Hager. The one-dimensional nature of 
the problems is essential in the proofs in [HI [I] . 

In [7], Hager and the author found a new approach and extended the 
results of [6] to the case of operators on R™ and replaced the assumption 
about the non- vanishing of {p, p} by a weaker condition, allowing T to contain 



2 



boundary points of p(R? n ). In dimension > 2, it turned out to be simpler to 
consider general random perturbations of the form 

6q u u = y] yi ®j,k{ u )( u \fk) e j, (i-3) 

where {ej}, are orthonormal families of eigenf unctions of certain ellip- 
tic /i-pseudodifferential operators of Hilbert Schmidt class and oij^(uj) are 
independent complex Gaussian random variables. With some exageration, 
the results of [7] show that most non-self-adjoint pseudodifferential operators 
obey Weyl-asymptotics, but since the perturbations are no more multiplica- 
tive, we did not have the same conclusion for the differential operators. 

The purpose of the present paper is to treat the case of multiplicative 
perturbations in any dimension. Several elements of [7J carry over to the 
multiplicative case, while the study of a certain effective Hamiltonian, here a 
finite random matrix, turned out to be more difficult. Because of that we were 
led to abandon the fairly explicit calculations with Gaussian random variables 
and instead resort to arguments from complex analysis. A basic difficulty was 
then to find at least one perturbation within the class of permissible ones, for 
which we have a lower bound on the determinant of the associated effective 
Hamiltonian. This is achieved via an iterative ( "renormalization" ) procedure, 
with estimates on the singular values at each step. An advantage with the 
new approach is that we can treat more general random perturbations. 

We next state the main result of this work. For simplicity we shall work 
on R n , where some results from [7J are already available. In principle the 
extension of our results to the case of compact manifolds should only present 
moderate technical difficulties. 

Let us first specify the assumptions about the unperturbed operator. 

Let m > 1 be an order function on R 2n in the sense that 

m(p)<C (p-p) N °m(p), p,peK 2n 

for some fixed positive constants Cq,N , where we use the standard notation 

(P) = (l + H 2 ) 1/2 - 
Let 

p e S(m) := {a G C°°(R 2n ); \d a p a(p)\ < C a m(p), Vp G R 2n , a G N 2n }. 

We assume that p — z is elliptic (in the sense that (p — z)~ l G S{7rT 1 )) 
for at least one value z G C. Put E = p(R 2n ) = p(R 2n ) U Soo, where Eqo 
is the set of accumulation values of p(p) near p = oo. Let P(p) = P(p) h), 
< h < ho belong to S(m) in the sense that \d%P(p;h)\ < C a m(p) as 
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above, with contants that are independent of h. Assume that there exist 
Pi,P2, ••• £ S(m) such that 

P ~ p + hpi + ... in S(m), h — * 0. 

By P = P(x, hD x ; h) we also denote the Weyl quantization of P(x, h£; h) (see 
for instance [2]). Let Q <e C be open simply connected with fi fl S ra = 0, 
Q (£_ E. Then for h > small enough, the spectrum cr(P) of P is discrete in 
and constituted of eigenvalues of finite algebraic multiplicity. We will also 
need the symmetry assumption, 

P(x,-&h) = P(x,bh). (1.4) 

Let V z (t) := vol({p G R 2n ; \p{p) - z\ 2 < £}). For « G]0,1], z G O, we 
consider the property that 

V z (t) = 0(t K ), < t < 1. (1.5) 

Let be a compact neighborhood of 7r a .p _1 (fi), where 71*3. denotes the na- 
tural projection from the cotangent bundle to the base space. The random 
potential will be of the form 

Qu(x) = Xo{x) ^2 a k{ u ) e k{x), \oc\ c d < R, (1.6) 

0<fi k <L 

where is the orthonormal basis of eigenfunctions of h 2 R, where R is an h- 
independent positive elliptic 2nd order operator with smooth coefficients on 
a compact manifold of dimension n, containing an open set diffeomorphic to 
an open neighborhood of suppxo- Here Xo ^ C^°(R n ) is equal to 1 near K. 

denote the corresponding eigenvalues, so that h 2 Rek = (J^Ck- We choose 
L = L(h) and R = R(h) in the intervals 

«L<C7T M , M> 3n ~ K , (1.7) 

s- § -e 

1 h _ { n +£)M+K _to < ^ m>^_ k+( ^ + e)M 

for some e g]0, s — |[, s > f , so by Weyl's law for the large eigenvalues of 
elliptic self-adjoint operators, the dimension D is of the order of magnitude 
0((L/h) n ). We introduce the small parameteiQ 5 = r h Nl+n , r = r (h) G 
]0, y/h], where 

' — Ti 

N 1 :=M + sM+-. (1.8) 

1 In the proof of the main result, we get 8 = Toh Nl+n / C for some large constant C, but 
a dilation in tq can easily be absorbed in the constants later on. 
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The randomly perturbed operator is 

We have chosen the exponent N x so that \\h Nl q\\ L oa < 0(l)h~ n / 2 \\h Nl q\\ H s < 
(9(1), when q is an admissible potential as in (jl.6p . (jl.7p and H s is the 
semiclassical Sobolev space in Section [2J The lower bounds on L, R are 
dictated by the construction of a special admissible potential in Sections El 

m 

The random variables otj{uj) will have a joint probability distribution 

P(da) = C{h)e^ h) L{da), (1.10) 

where for some ^4 > 0, 

\V a <b\ cD = 0(h~ N *), (1.11) 

and L(da) is the Lebesgue measure. {C(h) is the normalizing constant, 
assuring that the probability of B c d(0,R) is equal to 1.) 
We also need the parameter 

e (h) = (/ i K + /i"ln^)(ln- + (ln^) 2 ) (1.12) 
h To h 

and assume that r = r (h) is not too small, so that €o(h) is small. The main 
result of this work is: 

Theorem 1.1 Under the assumptions above, letT^Q have smooth bound- 
ary, let k g]0, 1] be the parameter in U.6]) , 7] ), U.lfy) and assume that 
U.5\) holds uniformly for z in a neighborhood of dT . Then there exists a con- 
stant C > such that for C~ l > r > 0, <f > Ceo(h) we have with probability 

Ce (h) sr 

> 1 ^ e c. oW L13 

r J l n+max(n(M+l),N 4 +M) 

that: 

|#(a(P,) n T) - T^vol (p-'im < (1.14) 

f - + C (r + \n{-)vol{p~\dT + D(0,r))) 
h n \r \ r 

Here #(a(Ps) H T) denotes the number of eigenvalues of P$ in T, counted 
with their algebraic multiplicity. 
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Actually, we shall prove the theorem for the slightly more general opera- 
tors, obtained by replacing P by P in (17.61) . 

The second volume in (11.141) is 0(r 2K ~ l ) which is of interest when k > 1/2. 
In that case 

In -vol (p _1 (<9r + D(0, r)) = Oir^Y (1.15) 
r 

for any f3 e]0, 2k — 1[. Even if k < 1/2 we can reasonably assume that (11.15|) 
holds for some (3 > 0. (For instance if p is real- valued and F does not contain 
any critical values of p, then (II. 5p holds uniformly for z in a neighborhood of 
dT with k = 1/2, but if we choose T so that its boundary can only intersect 
the real axis transversally, then vol (p -1 (<9r + D(0, r))) = 0(r).) Assuming 
(I1.15P for some (3 > we choose r = e' 3 + 1 and the right hand side of (I1.14p 
is < Ch~ n 'e l3 ^ 1+l3 \ which gives Weyl asymptotics, if is small. 
If we assume that 

exp(-/i~ K °) < r < Vh, for some k q g]0, k[, (1-16) 

then 

e = O(h K ~ K0 In |) (1.17) 

is small. Now take ? = for some k g]0, k — /to [. Then, we get the following 
corollary: 



Corollary 1.2 We make the general assumptions of Theorem \l.l\ Assume 
M.15\) for some [3 > and recall that this is automatically the case when 
k > 1/2 and < /3 < 2k — 1. Choose 5 as prior to U.9\) with r as zn U.16]) . 
Let <k < k — k . Then, with probability 

> 1 - . ^ _ e -^(-0>/(Clnl) (L18) 

^j^+ra+max(n(M+l),Ar 4 +M) 

we /lave 

l#W^) n r) - ^voi (p-\r))\ < £;h&. (i.i9) 

As in [7j we also have a result valid simultaneously for a family C of 
domains r C Q satisfying the assumptions of Theorem 11.11 uniformly in the 
natural sense: With a probability 

O(l)e (h) «r 

>1 v ; ° v ; Cf o("), 1.20 

r 2^n+max(n(M+l),Af 4 +M) v ' 



the estimate (11.141) holds simultaneously for all T e C. The corresponding 

old 

denominator in (11.181) by 



variant of Corollary 11.21 holds also; just replace in the exponent of the 
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Remark 1.3 When R has real coefficients, we may assume that the eigen- 
functions €j are real. Then (cf Remark I8.3P we may restrict a in (jl.fip to be 
in R D so that is real, still with |a| < R, and change C(h) in (11.101) so that 
P becomes a probability measure on 5 r d(0, R). Then Theorem 11.11 remains 
valid. This might be of interest in resonance counting problems, where self- 
adjointness of the operator should be preserved in the interior region where 
no complex scaling is performed. 

Remark 1.4 We believe that the main result of this paper can also be 
proved in the case when R n is replaced by a compact manifold. Taking this 
for granted, we see that the assumption (jl.4p cannot be completely elimi- 
nated. Indeed, let P = hD x + g(x) on T = R/ (2nZ) where g is smooth and 
complex valued. Then (cf Hager [5]) the spectrum of P is contained in the 
line ^z = Jq W ^sg{x)dx / {2tt). This line will vary only very little under small 
multiplicative perturbations of P so Theorem 11.11 cannot hold in this case. 

When z G E \ Eoo and (]kz, Qz) is not a critical value of the map (x,£) — > 
(3?p, $sp), then (ll.5p holds with k = 1. Since the critical values form a set of 
Lebesgue measure zero by Sard's theorem, this is what we expect for most 
z. However such points are necessarily interior points of E (by the implicit 
function theorem) and it is particularly important to study the distribution 
of eigenvalues near the boundary. When z G <9E \ Eoo, and {p, {p, p}} ^ 
at every point of p~ l (z), then we saw in [7], Example 12.1, that (11.51) holds 
with k — |. 

Example 1.5 Let 1 < m (x) be an order function on R™, let V G S(mo) be 
a smooth potential which is elliptic in the sense that |V"(a?)| > rn (x)/C and 
assume that — 7r + e < arg (V(x)) < n — e for some fixed e > 0. Then it 
is easy to see that p(x, £) := ^ 2 + V(x) is an elliptic element of S(m), where 
m(x,£) is the order function mo(x) +^ 2 . Let Eoo(K) be the set of accumula- 
tion points of V(x) at infinity and define E(V) = V(R n ) = V(R n ) U E 0Q (V). 
Then with E and S ro defined for p as above, we get E = E(V) + [0, +oo[, 
Eoo = E oc (V r ) + [0,+oo[. Using the fact that d^p > 1/C, we further 

see that if K C C is compact and disjoint from Eqo, then (I1.5P holds uni- 
formly for z G K with k = 1/4. The non-self-adjoint Schrodinger operator 
P := —h 2 A + V(x) has P(x,£) = p(x,£) as its symbol and (ll.4p is ful- 
filled. This means that Theorem II. II is applicable, but to have an interesting 
conclusion, we have to look for domains V for which (I1.15P holds for some 
(3>0. 

The conditions on the random perturbations are clearly not the most 
general ones attainable with the methods of this paper and further gener- 
alizations may come naturally when looking at new problems. It should be 
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possible to consider infinite sums in (II .6p and drop the upper bound on the 
size of a, provided that we add assumptions on the probability in (11.101) . 
(II. lip . Here, we just give an example where the upper bound \a\c D < R can 
be removed: Consider 



D 



Qw(.x) = Xo(x) ^ a k(u)e k (x), (1.21) 
i 

as in (11.61) . We now assume that ol^{uj) are independent Gaussian 7V(0, un- 
laws, i.e. with probability distribution 



1 ; 



e < L(da k ). (1.22) 



Then P(da) is of the form (11.101) (now normalized on C D rather than on the 
ball B c d(0,R)) with 



On B c d(0,R), we have 

R 



mm ' 



so (II. lip holds for some N±, provided that R is bounded by some negative 
power of h as in (11.61) and 

miners is bounded from below by some power of h. (1-23) 

As we saw in [7J and further improved and simplified by Bordeaux Mon- 
trieux PQ, the probability that \a\ C D > R is 

< exp ( ^° a] - — ? — k J , 

\ 2 mm <t| *— ' J 2 mm cr| / 

so 

P(Mc» >R)< e- h ~\ (1.24) 

for ft small enough, where k is any given fixed positive number, provided that 
max<7j is bounded from above by some power of h and we choose R x h~ M 
for M large enough. Hence Theorem 11.11 is applicable. 

The remainder of this paper is devoted to the proof of Theorem 11.11 
Much of the proof follows the strategy of [7] but there are also some essential 
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differences, since we had to abandon the fairly explicit random matrix consid- 
erations there. As in [7J we identify the eigenvalues with the zeros of a holo- 
morphic function, here Fg(z; h) = de^P^), where Pg jZ = (Ps — z)~ 1 (P$ — z) = 
1 + (P$ — z)~ l (P — P), Ps = P$ + P — P and P is a new pseudodifferential 
operator, whose symbol coincides with the one of P outside a compact set 
and such that P — z is elliptic for all z G Q. In Sections 00 we prepare this 
approach by showing that 5Q W is bounded and has small norm: H a — > H a 
for — s < a < s, where H u is the standard Sobolev space equipped with a 
natural semi-classical /i-dependent norm). We also need to understand some 
localization and boundedness properties of the resolvent and the spectral 
projections corresponding to small eigenvalues of the self-adjoint operators 
Ss, z = Pi z Ps, z and S 5 = (P s - z)*(P s - z) . 

In Section ^ we apply results from [7J to estimate the number of small 
eigenvalues of Sg )Z and Ss- Using this, we set up an auxiliary invertible 
"Grushin" matrix 

Ps,z R- \ . r 2/ D n\ „ , r2/r>n\ w r*N 



V&=y £ q 1 : L 2 (R n ) x C 7V -> L (R n ) x C 

where iV = 0(a K h~ n ) is the number of eigenvalues of Ss% that are < a where 
a = Ch for some large constant C, and we establish (I4.43P saying roughly 
that 



lnjdetT^l » , \. I I \n\p z (x,£)\dxd£, p. 1 



where p denotes the leading symbol of P. If E s _ + denotes the lower right entry 

V 1 then det P 5 = det P 5 + det E 5 _ + 



in the block matrix of V* 1 then det Pg = det + det E s _ + as we showed in 



[JJ using some calculation from [13]. Using that the size N of , is /i - ™, 
we get a nice upper bound on In | det E s _ + \ and it follows that for z in a 
neighborhood of <9r, 



ln|P 5 | < yy hi \p g (x,£)\dxd4 + "small". (1.25) 

See (17.481) for a more precise statement. 

The crucial step (as in [HIE]) is to get a corresponding lower bound with 
probability close to 1 for each z, and this amounts to getting a corresponding 
lower bound for In | detEt + \- In [7J we did so by showing that E s _ + (there) 
was quite close to a random matrix with independent Gaussian entries. In 
the case of multiplicative perturbations, such an explicit approach seems 
out of reach even if we assume the atj to be independent Gaussian random 
variables. Instead we choose a different approach based on complex analysis 
and Jensen's formula in the a-variables. The main step in this new approach 
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is then to construct one admissible potential as in (11.61) . (11.7j) (ie to find 
one special value of a e B c n(0, R)), for which | deti£_ + | is not too small). 
When trying to do so, one is led to consider the singular values of E s _ + or 
equivalently (as we shall see) the small singular values of P$ — z. 

In Section^ this is carried out for a model matrix that would correspond 
to a leading term in the perturbative expansion of E s _ + , however with q w 
replaced by a a sum of N delta functions. Then in Section^ we approximate 
such 5-functions with admissible potentials and get corresponding estimates 
for a true leading term in the expansion of E s _ + . Due to the approximation 
we only get good lower bounds for the first roughly N/2 singular values. 

In Section\7\we make an iterative procedure. Let < 8 < 1/4 be fixed, 
and consider the first 8N values of E_ + appearing in the inverse of the 
Grushin matrix for the unperturbed problem. (For simplicity we here treat 
8N and similar numbers as if they were integers.) If they are all conveniently 
large, we add no further perturbation in this step, or more precisely we choose 
the zero potential as the admissible perturbation. If not, we consider the 
perturbation P$ given by the special admissible potential q constructed in 
the preceding section. Then with appropriate choices of the parameters, we 
get the desired lower bound on the first 8N singular values of the matrix 
E 5 _ + , corresponding to this perturbation. In both cases we get a perturbed 
operator P$ (which may or may not be equal to P) and we next consider 
the natural Grushin problem for Pg now with N replaced by (1 — 8)N. For 

the new E h of size (1 — 8)N we again consider the first 8(1 — 8) N singular 

values. If they are all larger than a new bound, obtained from the preceding 
one by multiplication by a suitable power of h, then the next perturbation is 
zero, if not, use again the result of the preceding section to find a convenient 
perturbation and so on. In the end we get the desired admissible perturbation 
as a geometrically convergent sum of perturbations, and for this perturbation 
we get 

ln|F 5 | > (^) n / / hi\p g (x,£)\dxd$- "small". (1.26) 
2-nh J J 

In Section^ the spectral parameter is still fixed, and we perform a com- 
plex analysis argument in the a-variables to show that if we have (I1.26P for 
one value of a then it holds with probability close to 1. In Section it then 
only remains to let z become variable and to apply a result of [7] (extending 
one of [6]) about counting zeros of holomorphic functions with exponential 
growth. Very roughly, this result says that if u(z) = u(z, h) is holomor- 
phic in a fixed neighborhood of Y such that \u(z; h)\ < e^ z ^ h for all 2 in a 
neighborhood of dT and satisfying the lower bound \u(zj\ h)\ > e (H z ])- small )/ h 
at finitely many points Zj, nicely spread along the boundary of T, then the 
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number of zeros of u in V is approximately equal to (2irh) 1 jj r A<p(z)L(dz). 

Here, as in P [7j we take h = (27r/i) n , (f)(z) equal to the integral in (11.251) . 
(11.26P and use the fact that times the Laplacian of this function can be 
identified with the push forward under p of the symplectic volume element. 

In Section ing we review some /i-pseudodifferential and functional calcu- 
lus. 

Acknowledgement The referee's many pertinent remarks have helped us 
to improve the presentation of the paper. 

2 Semiclassical Sobolev spaces and multipli- 
cation 

We let _£P(R n ) C «S'(R n ), s G R, denote the semiclassical Sobolev space 
of order s equipped with the norm where the norms are the ones 

in L 2 , £ 2 or the corresponding operator norms if nothing else is indicated. 
Here (hD) = (1 + (hD) 2 ) 1 / 2 . Let u(£) = J e~ tx '^u(x)dx denote the Fourier 
transform of the tempered distribution u on R n . 

Proposition 2.1 Let s > n/2. Then there exists a constant C = C(s) such 
that for all m,d6 H s (R n ), we have u G L°°(R n ), uv G H s (R n ) and 

\\u\\ Loo <Ch- n/2 \\u\\ Ha , (2.1) 

\\uv\\ H * <Ch- n/2 \\u\\ H s\\v\\ H s. (2.2) 

Proof The fact that u G L°° and the estimate (12.11) follow from Fourier's 
inversion formula and the Cauchy-Schwartz inequality: 

Hx)\ < j^J (htrmrwom < j^\\(hr s \\h\\ H s. 

It then suffices to use that = C(s)h~ n / 2 . 

In order to prove (12.21) we pass to the Fourier transform side, and we see 
that it suffices to show that 

J (hO s w(0((h-r s u* (h-r s v)(ZH < C(s)h-S\\u\\\\v\\\\w\\, (2.3) 

for all non-negative u,v,w G L 2 , where * denotes convolution. Here the left 
hand side can be written 
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where I, II denote the corresponding integrals over the sets {\rj\ > |£|/2} and 
{|C| — ICI/2} respectively. Here 

< tf(s)|H|||u||||^^||i,i. 

As in the proof of (12.11) we see that H^yjIlL 1 < C(s)h ~% \\v\\, so I is bounded 
by a constant times h~z \\u\\ \\v\\ \\w\\. The same estimate holds for II and 
(1231) follows. □ 

Let Q be a compact n-dimensional manifold. We cover Q by finitely many 
coordinate neighborhoods Mi, M p and for each Mj, we let X\, x n denote 
the corresponding local coordinates on Mj. Let < Xj e C£°(Mj) have the 
property that Yli Xj > on f2. Define H s (fl) to be the space of all u e V'(Q) 
such that 

v 

Wh- ■= E H^(^) s X^f < oo. (2.4) 
i 

It is standard to show that this definition does not depend on the choice 
of the coordinate neighborhoods or on Xj- With different choices of these 
quantities we get norms in (12 .4p which are uniformly equivalent when h — > 0. 
In fact, this follows from the /i-pseudodifferential calculus on manifolds with 
symbols in the Hormander space S™ . (This calculus has been used in several 
papers like [HI EH E5] and for completeness we discuss it in the appendix, 
Section M) 

An equivalent definition of H S (Q) is the following: Let 

h 2 R = Y,(hD Xj )*r jtk (x)hD Xk (2.5) 

be a non-negative elliptic operator with smooth coefficients on Q, where 
the star indicates that we take the adjoint with respect to some fixed posi- 
tive smooth density on Q. Then h 2 R is essentially self-adjoint with domain 
H 2 (d), so (1 + h 2 R) s l 2 : L 2 — > L 2 is a well-defined closed densely defined 
operator for sGR, which is bounded precisely when s < 0. Standard meth- 
ods allow to show that (1 + h 2 R) s l 2 is an /i-pseudodifferential operator with 
symbol in Sf and semiclassical principal symbol given by (1 + r(x,£)) s ^ 2 , 

where r(x,£) = J2j k r j,k( x )£,j£,k is the semiclassical principal symbol of h 2 R. 
See Section [TDl The /i-pseudodifferential calculus gives for every s G R: 
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Proposition 2.2 H s (&) is the space of all u G V'(fl) such that (l+h 2 R) s/2 u G 
L 2 and the norm \\u\\h s is equivalent to ||(1 + h 2 R) s ^ 2 u\\, uniformly when 

Remark 2.3 From the first definition we see that Proposition 12.11 remains 
valid if we replace R" by a compact n-dimensional manifold Q. 

3 iP-perturbations and eigenfunctions 

Let m > 1 be an order function on R 2n in the sense that 

m{p)<C Q {p-n) N °m{p), W GR 2n 

for some fixed positive constants Co, No, and let 

p e S(m) := {a G C°°(R 2n ); \d a p a(p)\ < C a m{p), Vp G R 2n , a G N 2n }. 

We assume that p — z is elliptic (in the sense that (p — z)^ 1 G 5(m -1 )) for 
at least one value z G C. Put S = p(R? n ) = p(R 2n ) U T,^, where is the 
set of accumulation values of p near p = oo. Let p\,p%, ... G S(m), 

P rsj p -\- hpi + ... in S(m), h — *■ 0. 

Let d C be open simply connected with f2 fl = 0, Q S. Then as in 
[HI El, we can construct p G S(m), such that 

p = p away from a compact set. (3-1) 

p — z is elliptic in S(m), uniformly for z£0. (3-2) 

The construction also shows that p can be chosen so that p = p away from 
any given neighborhood of 
Let 

P — P + p — p ^ p + hpi + ... G S{m) 

By P, P we also denote the corresponding ft,- Weyl quantizations i.e. the Weyl 
quantizations of P(x, h£; h) and P(x, h£; h) respectively. (Sometimes it will 
also be convenient to indicate the quantization so that if a is a symbol, then 
Op (a) denotes the corresponding /i-pseudodifferential operator.) Then we 
know that (P — z)~ l is a well-defined uniformly bounded operator when h is 
small, uniformly for z£fl, and that P has discrete spectrum in Q which is 
contained in any given neighborhood of fl fl S when h is small enough. 
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We also recall that the eigenvalues in f2, counted with their algebraic 
multiplicity, coincide with the zeros of the function z \— > det(P—z)~ 1 (P—z) = 
det(l — (P — z)^ 1 (P — P)) , counted with their multiplicity. In fact, if zq e Q, 
then its multiplicity m(zo) as a zero of the determinant is 

= tr — / \l + K{z))- l K{z)dz = ti— f(z- P)-\z-P)K(z)dz, 
2m y 7 2m J 7 

where 7 is a small circle centered at Zq, K{z) = (z — P)^ 1 (P — P), K(z) = 
(z — P)^ 1 — (z — P)~ 2 (z — P) and the dots indicate derivatives with respect 
to z, so 

m(z ) = tr — f(z- P)- X dz - tr — [ (z - Py 1 {z - P)~\z - P)dz. 
2m J y 2m 

Here the first term to the right is the rank of the spectral projection of P 
at the eigenvalue z ie the multiplicity of z as an eigenvalue of P, and from 
Lemma 2.2 of [12"] . we see that the second term is equal to 

-tr — / (z - PY l dz = 0. 
2m Jy ' 

Now, consider the perturbed operator 

P S = P + 5Q, (3.3) 

where < 5 1 will depend on h and Q is the operator of multiplication 
with q E H s (Tl n ), satisfying 

\\q\\ H s<h%. (3.4) 

Here s > n/2 is fixed and we systematically use the semiclassical Sobolev 
spaces in Section [2j 
Put 

P 5 = P + 5Q. (3.5) 

If 

/i<l, (3.6) 

we know from Section [2] that ||<5(5||l 2 ^l 2 = ^||?IU°° ^ 1, and hence (Pg — z)^ 1 
is a well-defined bounded operator when h is small enough. The spectrum 
of Pg in Q is discrete and coincides with the zeros of 

det((P 5 - z)-\P s - z)) = det(l - (P s - z)-\P - P)). 
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Notice here that (Pg — z)^ 1 (P — P) is a trace class operator and that again 
the multiplicities of the eigenvalues of Pg and of the zeros of the determinant 
agree. It is also clear that cr(Pg) R £1 is contained in any given neighborhood 
of £ H Q, when h and S are sufficiently small. 

From Section [2] we know that Q = 0(1) : H a — > H a for o = s, by duality 
we get the same fact when a = —s and finally by interpolation (or more 
directly by (12.11) applied to q) we get it also for a = 0. Writing 

P 5 - z = (P - z)(l + (P - z)- l 8Q) = (1 + 5Q(P - z)- x ){P - z), (3.7) 

and observing that (P — z)~ l 6 Op(5'(— )) is uniformly bounded: H s — ► if s , 
PP~ S — ► P~ s , when z G O, we see that 

(P s - z)- 1 = 0(1) : H s -> PP, P~ s -> P~ s , P° -> if , (3.8) 

uniformly when z e Q and (I3.6P holds, and similarly for (1 + (P — z)~ 1 5Q)~ 1 , 
(l + SQiP-z)' 1 )- 1 . 
Put 

P s , z := (P 5 - z)-\P s -z) = l-(P 5 - z)-\P - P) =: 1 - K s , z , (3.9) 

S 5 , z := P| A = 1 - (K s , z + K* SiZ - K* StZ K s>z ) =: 1 - L s>z . (3.10) 
Notice that 

K 5iZ ,Ls, z = 0(l):H- s ^H s , (3.11) 

when (13.61) holds. For < a < 1/2, let 7i a = l[o,a](Ss lZ ) be the spectral 
projection corresponding to the spectrum of Sg, z in the interval [0, a]. 

We shall study H s regularization and localization of 7c a and of the ana- 
logous spectral projections for (Pg — z)*(Pg — z). The reader who is not too 
much interested in the technicalities may proceed directly to Proposition 13.21 
at the end of this section. 

Apply vr Q to (13101 : 

7T a (l - Ss )Z 7r a ) = L S:Z 7l a . 

Here ||S' < 5 ) 27r Q! || < 1/2, so 1 — Ss )Z 7f a is invertible with inverse of norm < 2. It 
follows that 

n a = Lg )Z ir a (l - S S)Z n a )~ , (3.12) 
so under the assumption (13.61) . we see that 

n a = 0(1) : L 2 -> H\ (3.13) 

and since n a = 7r a 7r* we even get n a = 0(1) : H~ s — > H s . 
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Since Lg }Z is compact, we know that the range TZ{^ a ) of 7c a is of finite 
dimension, N. Let ei,...,ejy be an ortho normal basis in this space. An 
equivalent way of stating (13 . 1 3[) is then 

N 

Villff' ^ C(1)||A|U 2 , VA = (Ai,..,A*) G C N -f({l,2,..,N}). 

(3.14) 

If x e C 6 °°(R n ) = {/ G C°°(R n ); <9 a / is bounded for every a G N™}, we 
have 

[P 5 , X } = [P,x]ehO P (S(m)). 

Combining this with (13 .7p and the fact mentioned right after (13. Sp . we see 
that 

{P 5 -zY l [P 5 ,xl [Ps^W-z)- 1 =0{h):H° a = ±s,0. (3.15) 

From this, it is standard to deduce that 

X i(Ps - z^xo = 0(h°°) : E° ->H\ a = ±s, 0, (3.16) 

if Xu Xo G C£°(R n ) and dist (supp xo, supp xi) > 0. In fact, for any M G N*, 
choose ipi, ...,ipM G C£°(R n ), such that supp ipM H suppxi = 0, ifrj+i = 1 on 
supp^j, if)i = 1 on suppxo; an d use the telescopic formula, 

xi(p s - «) _1 xo = ±xi(p s - zy^PsMfa - z)- l ...[p 5 MiP& - zr'xo- 

(3.17) 

Let 

K = 7r x (supp(p-p)) (3.18) 

be the a:-space projection of supp (p — p), so that -K" is compact. Combining 
dS3D, (BUHD , we see that 

X K S>Z , K^x = 0{h°°) : E" ^H°,a = ±s, 0, (3.19) 

when x £ C£°(R") satisfies suppx C\K = From (I3.10P we get the same 
conclusion for Ls, x and then we get from (13.121) that 

X n a = 0(h°°) : L 2 -> H s , (3.20) 

if X G C£°(R n ), and suppx C\ K — Using that n a = n 2 and that n a = 
0(1) : -ff~ s — > -ff s , this can be sharpened to the statement that 

X 7r a , n aX = <D(h°°) : H- s -> 
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We also need to establish the corresponding results for Pg — z. Let 

S s = (Pg - z)*(P s - z), Sg = (Pg - z)*(Pg - z), (3.21) 

viewed as self-adjoint Friedrichs extensions from (Pg — z)~ l (H(m)) with 
quadratic form domain H{m). Then 

Ss — S$ + R, 

where 

R=(P- P)*(P S -z) + (P s - z)*(P -P) + (P- P)*(P - P), (3.22) 
and we see that 

R = 0(1) : H- s -> H s . (3.23) 

It follows that 

(w-Ss)- 1 = (w-Ssr' + iw-Ssr'Riw-Ss)- 1 (3.24) 
= (w-Ss^-iw-Ss^Riw-Sg)- 1 . 

If m is an order function on R 2n , we define H(m) for h > small enough, 
to be the space M _1 L 2 (R n ), where M e Op(S(m)) is an elliptic operator, 
so that M" 1 G Op(S(±)). 

Remark 3.1 For future reference we notice that Ss coincides with Ss ■— 
(P 5 - z)*(P 5 - z) with domain V(S S ) = {u E H(m); (P 5 - z)u E H(m)}. In 
fact, Ss is a closed operator, with domain contained in the quadratic form 
domain H(m) of Ss, so it suffices to check that Ss is self-adjoint. Clearly 
this operator is symmetric so it suffices to check that Sg C Sg. To shorten 
notations, assume that z = 0: If u E V(Sg), SgU = v, then (Sg(f)\u) = (4>\v) 
for all E V(S 5 ), so (Ps^Pgu) = ((f>\v) = 0(\\(f>\\ H{m) ), so (Ps<p\P S u) = 
0(\\(f)\\H(m)), implying that Pgu E L 2 , since Ps : H(m) — > L 2 is bijective and 
T>(Ss) is dense in H(m). Using (Pg^\Pgu) = (4>\v) again, we get PgPsu = v 
in the sense of distributions and since P is elliptic near infinity, we deduce 
that u, Psu E H(m), so u E V(Ss). 

Let / E C£°(neigh(0,R))jind let / E <^°(neigh (0, C)) be an almost 
holomorphic extension. Since Sg has no spectrum in a fixed neighborhood of 
0, we get (using the Cauchy-Riemann formula 

f( S s) = ~\J df(w)(w - Ssr'Hdw)) 
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for / supported in that neighborhood, 

f(S s ) = - jdfiw^w-Ssr'Riw-Ss)- 1 ^^- (3.25) 

-In/, C \-l L ( dW ) 



df(w)(w-S s )- l R(w-S s ) 



Here, (w — S$) 1 = 0(1) : H" — > H a , a = ±s, 0, so we conclude that 

f{S s ) = 0(1) : H~ s -> L 2 and L 2 -> H s . 

Then / 2 (5 5 ) = 0(1) : H~ s -> /F. Let vr a = l[ , a ](&). It follows that for 
< ot< 1: 

7r a = 0(1) : H- s -> P s , (3.26) 

so (13.141) remains valid. Using the same telescopic formula as above, we shall 
next show that 

X n Q , n aX = 0(h°°) : H- s - iF, (3.27) 

if X G C£°(R n ) has the property that supp (x) C\ K — 0. 

For u> G neigh (0), we can write So — w = AiA 2 , where Aj G Op (S'(ra)) 
are elliptic. On the other hand (for 5 <C 1), we have 

£ 5 - w = <? - w + (P - 2)*5g + <5g(P - 2) + 5 2 |g| 2 . 

We get 

S s -w = A 1 (1 + A^((P - z)*5q + 5q(P -z) + 5 2 \q\ 2 )A 2 l )A 2 , 

v ' 

=0(8): H<?->H<? 

SO 

(S 5 -w)- l = A^AA^ 1 , 
where A = 0(1) : H a — > and consequently 

(5, - ^ = 0(1) : P(^) - if(m(e> CT ). (3.28) 
Next, consider (w - S s )- 1 in fl3T22]) - fl3T24j) . Using (ET2B]» . we see that 

(w - Ss)' 1 = 0(-^-) : P(^) -> L 2 + P(m(0 CT ). 

Reinjecting this information into the last expression in f)3.24p . we see that 

1 ifY 

(w - Ss)' 1 = 0(-—) : H(^L) - P(m(0 CT ). (3.29) 
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If V e C fe °°(R n ) we next see that 

[S s ,iJ>] = [P*,ip](P-z + 5q) + (P*-z + Sq)[P^] (3-30) 
= 0(h) : H(m(On - 

m 

and similarly with Sg replaced by Sg. We conclude that 

(w - Ssy'iSg, v] = : #M0*) - H(m(O a ), (3-31) 

- = 0(h) : if(^) - P(^), (3.32) 

m m 

and we have the analogous estimates with Sg replaced by Sg and 0(h) re- 
placed by 0(h/\%w\). 

Now, let x De as i n (13.271) and choose xo C^°(R™) such that Xo = 1 near 
K, suppx fl supp (xo) — 0- Choose ipi, ...,4>m as in the telescopic formula 
(13. 1 Tj) with Xi there equal to x- Then we get 

x (w -S s y 1 Xo= (3.33) 
±x(w - Sg^lSg^M^w - Sgy 1 [Sg,ipM-i]---(w - S , 5 ) _1 [5 , 5,^i](^ - Sg^xo 

= 0(h M ) : H(^) -> H(m(0°)- 



m 



Write R = xoR+(l~Xo)R- Here (1 - x )(P - P)* = : #(m x ) -> 

P(m 2 ) for all order functions, mi,m 2 , so (cf (13.221) ) 

(l_ Xo )(P_P)*(P 5 _z), (l- X0 )(P_P ) * (P _ j p ) = o(/l oo ): H s^ H{jri2 ). 
Moreover, 

(l- Xo )(P 5 -z)*(P-P) 

= (1 - X o)(P - «)*(P - P) + <5g(l - Xo)(P - P) 
= 0(/i°°) : H(mi) -> P s , 

and we conclude that 

(1 - Xo )p = O^ 00 ) : p- s _> H s . (3.34) 

Combining this with (I3.33j) . we get 

X (w - Sg^R = 0{h°°) : H- s -> H(m(i) s ). (3-35) 
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Using this and (I3.29P in the second expression for f(Ss) in (13.251) . we see that 

Xf(S s ) = 0{h™) : H{^—) - H(m(O s )- (3-36) 

Choosing / = 1 on [0, a], we see that 

X^a = xf(S s )n a = (D(h°°) : H- s - i/(m(O s ), 

which implies the estimate on x^a in (13.27|) . now with ir a = l[o !a \(Ss)- Passing 
to the adjoints we get the estimate on n a x and this completes the verification 
of (J32ZD. 

Proposition 3.2 Let P,p,P,p be as in the beginning of this section. Let 
P$, Ps be given by A3. 3\) . (HO], A3. 5\) (where s > n/2 is fixed) and make the 



assumption A3. 6]) . Define Pg jZ , Ss, z as in A3. 9\) . A3. 10) . and Ss as in A3. 21) 
and realize Ss as the Friedrichs extension. Let 7T a denote either l\o, a ](^5,z) 
for < a < 1/2, or l^^Ss) for < a < 1. In both cases, we have n a = 
(9(1) : H~ s — > H s uniformly with respect to a, h, implying ^3. 1$ . Moreover, 
if X ^ C£°(R") is independent of h and suppx H ^(supp (p — p)) = (cf 
A3. 18) ). then x n a, ^aX are — 0(h°°) : H~ s — ► H s . In the second case we 
also have x^a = 0(h°°) : H' 8 -> H{m{£) s ). 



4 Grushin problems 

Let P : Ti — > 7i be a bounded operator, where TC is a complex separable 
Hilbert space. Following the standard definitions (see [3]) we define the 
singular values of P to be the decreasing sequence Si(-P) > s 2 (P) > ... of 
eigenvalues of the self-adjoint operator (P*P)V 2 as i on g as these eigenvalues 
lie above the supremum of the essential spectrum. If there are only finitely 
many such eigenvalues, Si(-P), Sfc(-P) then we define Sk+i(P) = Sk+2(P) = 
... to be the supremum of the essential spectrum of (P*P) 1 / 2 . When dim7i = 
M < oo our sequence is finite (by definition); Si > s 2 > ... > sm, otherwise 
it is infinite. Using that if P*Pu = s^u, then PP*(Pu) = s'jPu and similarly 
with P and P* permuted, we see that Sj(P*) = Sj(P). Strictly speaking, 
P*P : Af(P) 1 - -> Af(P) 1 - and PP* : A^P*^ -> ^(P*)^ are unitarily 
equivalent via the map p(p*p)~ 1 / 2 : Af^P) 1 - — > fif^P*) 1 - and its inverse 
p*(pp*) -1/2 . jV(p*)i- _^ J\f(P)- L . (To check this, notice that the relation 
P(P*P) = (PP*)P on jV(P)- 1 implies P(P*P) a = (PP*) a P on the same 
space for every «6R.) 

In the case when P is a Fredholm operator of index 0, it will be convenient 
to introduce the increasing sequence < t\{P) < t 2 (P) < ... consisting first 
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of all eigenvalues of (P*P) 1 / 2 below the infimum of the essential spectrum and 
then, if there are only finitely many such eigenvalues, we repeat indefinitely 
that infimum. (The length of the resulting sequence is the dimension of TC.) 
When dim 7-^ = M < 00, we have tj(P) = SM+i-j(P)- Again, we have 
tj(P*) = tj(P) (as reviewed in [7j). Moreover, in the case when P has a 
bounded inverse, we see that 

>>^ - m {4 - l) 

Let P be a Fredholm operator of index 0. Let 1 < iV < 00 and let 
R + : H — > C N , P_ : — > Tt be bounded operators. Assume that 

V=( "f R n ) :HxC N ^HxC N (4.2) 



x R + 
is bijective with a bounded inverse 

* = ( I t ) < 4 - 3 > 

Recall (for instance from [14J) that P has a bounded inverse precisely 
when E h has, and when this happens we have the relations, 

P- 1 = E- E + EZ\E_, EZ\ = -R+P^R-. (4.4) 

Recall ([3]) that if A, B are bounded operators, then we have the general 
estimates, 

s n+k ^{A + B) < s n {A) +s k {B), (4.5) 
s n+k ^(AB) < s n (A)s k (B), (4.6) 
in particular for k — 1, we get 

s n (AB) < \\A\\s n {B), s n (AB) < s n {A)\\B\\, s n {A + B) < s n {A) + ||B||. 

Applying this to the second part of f)4.4p . we get 

s k {Ez\) < WR-UR+Ws^p- 1 ), 1 < k < N 

implying 

t k (P)< \\R-\\\\R+\\t k (E_ + ), l<k<N. (4.7) 

By a perturbation argument, we see that this holds also in the case when P, 
E . are non-invertible. 
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Similarly from the first part of f)4.4p . we get 

^(P- 1 )^ \\E\\ + \\E + \\ \\E.\\s k (Ezl), 

leading to 

ttiP) " m^kimi (4 - 8) 

Again this can be extended to the non-necessarily invertible case by means 
of small perturbations. 

Next, we recall from [7] a natural construction of an associated Grushin 
problem to a given operator. Let Pq : 7i — ► TC be a Fredholm operator of 
index as above. Assume that the first N singular values ti(P ) < t 2 (Po) < 
... < t N (P ) correspond to discrete eigenvalues of PqPq and assume that 
tiv + i(Po) is strictly positive. In the following we sometimes write tj instead 
of tj(Po) for short. 

Recall that t 2 are the first eigenvalues both for PqPo and PoPq- Let 
ex, ejv and fi, be corresponding orthonormal systems of eigenvectors 
of PqPq and PqPq respectively. They can be chosen so that 

/V, 0/r I a J) '.,<,- (4-9) 
Define R + : L 2 —> C N and P_ : C N -> L 2 by 

v 

P + «(j) = He,-), = £V(j)/i- (4-10) 



As in [7], the Grushin problem 



P ^ + R~u- = v, 
R+u = ill, 



(4.11) 



has a unique solution («,«_) G L 2 x for every (f,f+) G L 2 x C^, given 

by 



r M = p% + p> + , 



where 



N 



= I>+0>* E°v(j) = (v\f J ), (4.13) 
i 

P°+ = -diag(tj), ||P°|| < — 



JV+l 
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E° can be viewed as the inverse of Pq as an operator from the orthogonal 
space (e u e 2 ,...,e N ) ± to (f u f 2 , /W)- 1 . 

We notice that in this case, the norms of R + and R- are equal to 1, 
so fl3~7]) tells us that t k (P ) < t k (E° + ) for 1 < k < N, but of course the 
expression for E°_ + in (14.131) implies equality. 

Let Q G £(H, Ti) and put Pg = P — 5Q (where we sometimes put a 
minus sign in front of the perturbation for notational convenience). We are 
particularly interested in the case when Q = Q w u = q^u is the operator of 
multiplication with a random function q u . Here 5 > is a small parameter. 
Choose R± as in (14.101) . Then if 5 < tN+i and \\Q\\ < 1, the perturbed 
Grushin problem 

P5U + = V, 

R + u = v + , 
is well posed and has the solution 



u = E 5 v + E s + v + , 
m_ = E 5 _ + E 5 _ + v + , 



where 



is obtained from £° by 



QE° QE° 




e 5 = £°[i-s[ ^ )) . (4.i7) 



-1 



1 

00 



1 

00 



(4.14) 



(4.15) 



Using the Neumann series, we get 

E s _ + = E° + + 5E°_QE° + + 5 2 E°_QE°QEl + 5 3 E°Q{E Q) 2 E° + + ... (4.18) 
We also get 

00 

E s = E° + J2 S k E°(QE°) k (4.19) 



E S + = E° + + Y, 6 k (E°Q) k E° + (4.20) 



E s _ = E°_ + J2 {QE°) k - (4.21) 



The leading perturbation in E s _ + is 8M, where M = E°_QEl : C N -> 
has the matrix 

M(u) jtk = (Qe k \f j ), (4.22) 
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which in the multiplicative case reduces to 



M(u) jtk = J q(x)e k (x)f j (x)dx. (4.23) 

Put t = t N+1 (P ) and recall the assumption 

HQII < 1. (4.24) 

Then, if 5 < tq/2, the new Grushin problem is well posed with an inverse £ s 
given in (OfijHOI]) . We get 

\\E 5 \\ < i^xll^ll < f , ||^||< T ^ T <2, (4.25) 

TO T 

\\E 5 , - (E°, + 5E°_QEl)\\ < -— *-x- < 2—. (4.26) 

TO 1-4 r 

Using this in (TC7D, (@SD together with the fact that t k (E s _ + ) < 2r , we get 

t k (EL 
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< t fe (A) < t k (E>_ + ). (4.27) 



Remark 4.1 under suitable assumptions, the preceding discussion can be 
extended to the case of unbounded operators. The purpose of this remark is 
to make one such extension that will be needed later. Let P, m, P$ Q be as in 
Section [31 satisfying (13.41) . (13. 6p with 5 there equal to So- We fix z G Q with 
Q, E, Sqo as in that section. For notational convenience, we may assume 
that z — 0. Then we know that P$ : H(m) — > L 2 (R n ) is Fredholm of index 
0, and the same holds for the formal adjoint . 
Let 

^ =P; P 5o , T 5o = P So Pl (4.28) 
be the unbounded operators equipped with their natural domains, 

V(S So ) = {ue L 2 ; P 5o u G L\ P s * (P 5o u) G L 2 } = {u G Pf(m); P 5()M G P(m)}, 

(4.29) 

and similarly for T$ . From Remark 13. II we know that Sg is self-adjoint and 
we clearly have the same fact for T$ . 

It is now easy to check that Ss > 0, Tg > have discrete spectra in a 
fixed neighborhood of 0, using that Ss — S$ and Ts —Ts are compact, where 
5«5 and Ts are defined as in (I4.28P with Ps replaced by Pg . Moreover, 

M{S So ) = {ue H(m)\ P So u = 0}, AT(T 5o ) = {u e H{m); P 5 > = 0}, 
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and since Ps , P$ are Fredholm of index 0, we deduce that 

dimAf(S 5o ) = dimAf(T 5o ). (4.30) 

Further, if Ss Q u = Aw, = 1, < A <C 1, then we can apply Pg and 
write 

P So Pi (P So u) = X(P 5o u). (4.31) 

Here Pg u G H(m) (the quadratic form domain of Tg ) and since the right 
hand side is (a fortiori) in L 2 , we see that Ps u G V(Tg ) and that Ts (Ps u) = 
X(Ps u). Similarly, if T$ v = Xv, \\v\\ = 1, < A <C 1, we see that Pg V G 
V(S So ) and that S So (P s * v) = A(P 5 ». 

It is then clear that if < a <C 1, then S$ , T$ have the same eigenvalues 
in [0, a], and if these eigenvalues are denoted by < t\ < t\ < ... < t 2 N < 
a with tj > 0, then we can find orthonormal families of eigenfunctions, 
ei, e 2 , e N G V(S Sq ), fi, h, /jv G T>(T So ), such that 

n„< , I J j- /V ./' Ij< r (4-32) 

in analogy with (14.91) 

From this point on, the discussion from (14. 9 p to (I4.27P goes through with 
only minor changes, with P Q replaced by Ps and P$ replaced by a new per- 
turbation Ps + SQ new . End of the remark. 

We next collect some facts from [7|. The first result follows from Section 
2 in that paper. 

Proposition 4.2 Let P : H. — > 7i be bounded and assume that P — 1 is of 
trace class, so that P is Fredholm of index 0. Let R + , R_,V,£ = V^ 1 be 
as in (|^.#J ), ft4-ty - Then V is also a trace class perturbation of the identity 
operator and 

det P = det V det (4.33) 

Now consider the operator P z = P z in (13.91) for z G Q, and recall that 
P z is a trace class perturbation of the identity. Put s(x, £) = s z (x,£) = 
\Pz(x,0\ 2 - Following Section 4 in [7j, we introduce V(t) = V z {t) by 

V(t) =11 dxdi, < t < \. (4.34) 

For a given z G f2, we assume that there exists k g]0, 1], such that 

V(t) = 0(l)t K , < t < \ (4.35) 
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(Later on we shall also assume that this condition holds uniformly when z 
varies in some subset of Q, and then all estimates below will hold uniformly 
for z in that subset.) Proposition 4.5 in [7] and a subsequent remark there 
give 

Proposition 4.3 Assume For 0</i<Ca<l, the number N(a) of 

eigenvalues of P*P Z in [0, a] satisfies 

N{a) = 0{a K h~ n ). (4.36) 

Moreover, 

lndetP;P z < — ^— ( J j ln( S )^ + 0(a K In -?-)). (4.37) 

We next consider P$ z = (P$ — z)~ x {Ps — z) — 1 — K$ ;Z with P$, P$ as in 
Section [3] and under the assumptions (13. 4p . (13. 6p . Put 

Ss,z = Ps, z Ps,z = 1 — Ks,z — Kg z + Kg z Ks, z , 
where K$ jZ is given by (I3.9p . so that 

\\K S , Z \\ <0(1), ||^||tr< \\(P 5 -z)- l \\\\P-P\\ tl <0(h- n ). 

Here || • || tr denotes the trace class norm, and we refer for instance to [2] for the 
standard estimate on the trace class norm of an /i-pseudodifferential operator 
with compactly supported symbol, that we used for the last estimate. 
Write K 5 ,z = f s K StZ . Then 

K s , z = -(z - P 5 y x Q{z - p 5 )-\p - P), 

so 

IM^,||<0(||Q||), ll^lkr < 0{\\Q\\h- n ). 

It follows that 

lfe|| <0(||Q||), ||^|| tr <o(||Q||/r n ). 

Let N = N(a, 5) denote the number of singular values of Pg tZ in the 
interval [0, y/a[ for h -C a <C 1. Strengthen the assumption (I3.6P to 

5 < 0(h). (4.38) 

Then \\S SjZ - S , z \\ < 0(h) and from fTOHD we get 

N(a,5) = 0(a K h~ n ). (4.39) 
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Define 



R+,s 

as in fra- fHTTD . so that V = V . As in (5.10) in [7] we have 

1 



IdetVsl = a detlJSgz), 21n|detP 5 | = lndet l a (S Sz ) + Nhi-, 

a 

(4.40) 

where l a (t) = max(a,t), t > 0. (The different power of a is due to the 
normalizing factor ^/a, used in the definition of R± in [7j.) 

For < e <C 1, let C°°(R + ) 3 l a>e > l a be equal to t outside a small 
neighborhood of t = and converge to l a uniformly when e — > 0. For any 
fixed e > 0, we put fit) = l a , t (t) for t > and extend / to R in such a way 
that f(t) = t+g(t), g G C^°(R). Let f(t) = t+g(t) be an almost holomorphic 
extension of / with g e Cq°(C). Then we have the Cauchy-Riemann formula 
(see for instance [2] and further references given there): 

f(S s>z ) = S s -^J(w- S^ z )- l dg{w)L{dw). 

From this we see that 

d If ■ - 

■7^f(S SjZ ) = S s (w- S S)Z )~ S s>z (w - Ss, z )~ dg(w)L(dw). 

Now, 

^ lndet f(S s , z ) = tr fiSs^-'^fiS^) = 

tr (fiSs)- 1 ^)-^ j ti {f{Ss, z Y\w - Ss^Ss^w - S 5 , z )- l )M^)L{dw). 

Here /(S^z) -1 and {w — S^z) -1 commute, and using also the cyclicity of the 
trace, we see that the last term is equal to 

tr (/(S^)- 1 ^ J (w-S 5 , z r 2 d w g(w)L(dw)Ss, z ) 

= tr (/(S^)- 1 ^ j \w - S s , z y l d w d w g(w)L(dw)S s , z ) 
= tT(f(Ss, z )~ 1 g'(Ss, z )S s , z ), 
leading to the general identity 




^lndet/OV) = tr(/(^)-V'(^)^). 
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Now we can choose / = l Qj£ such that \f'(t)\ < 1 for t > 0. Then we get the 
estimate 



d_ 



lndet(l Q , )e (5 , JiZ )) = tr (l a , e (S s ,z) 1 l' olje (S StZ )S s 

Sfi.z tr \ 



0(1) 



a 

\m 

ah n 



Since In det l a (Ss lZ ) = lim e ^ hidet l a , e {Ss,z), we can integrate the above 
estimate, pass to the limit and obtain 



In det l a (S s , z ) = In det l a (S 0tZ ) + 0{ 



&WQW 



Using CTj) . fTCTD . we get 



In I det V 5 \ 2 = In I det PI 2 + 0(^^ + a K h~ n In -). 

ah n a 



The estimate (5.13) in [7] is valid in our case: 

1 



In I det Pi 



(2nh) 

and using this in (14.411) .we get 
In | det Vs ' 



1 



In \p z \dxd£ + 0(a K \n-)). 

a 



(4.41) 



(4.42) 



(2nh) n 



In \ Pz \dxd£ + 0{a K In - + - 1| Q \\ )) . (4.43) 



5 Singular values and determinants of certain 
matrices associated to 5 potentials 

We start with a general observation. 

Proposition 5.1 Ifei(x),...,ejsr(x) are linearly independent continuous func- 
tions on an open domain Q C R n , then we can find N different points 
ai, ajy & Q so that lf(ai), ~t(a N ) are linearly independent in C N , where 

fe 1 (x)\ 
e 2 (x) 



e (x) 



\e N (x) J 
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Proof Let E C be the linear subspace spanned by all the ~e^(x), x G Q. 
We claim that E = C N . Indeed, if that were not the case, there would exist 
^ (Ai, X N ) G C N such that 

N 

= (A, ~£(x)) := \ e A x )i ^ x e ^- 
1 

But this means that e±, are linearly dependent functions in contradic- 
tion with the assumption, hence E = C N and then we can find ax, .., G Vt 
such that 1? (ai ),..., l?(ajv) form a basis in and consequently so that they 
are linearly independent. □ 



Proposition 5.2 Let e%, ejv be as in Proposition ^. 1\ and let ft. .... fm be a 

second family with the same properties. Assume that we can find a%, G 
Q such that both {l?(ai), if(aAr)} and { / (ai), / (ajv)} ore linearly 
independent. (We notice that this holds in the special case when fj = e,j.) 
Define M = C N -> C N by 

N 



Mu = J2( u \7M)^Mi " e c", (5.1) 



where (-| • •) denotes the usual scalar product on C N . Then M is bijective. 

Proof Let u G belong to the kernel of M. Since if (ai), ~t{a^) form 
a basis in C^, we have {u\ f (a u )) = for all v. Since / (ai), / (ajv) form 
a basis in C^, it then follows that u = 0. □ 



Corollary 5.3 Under the assumptions of Proposition [Q| t/iere exists q G 
C£°(fi; R) snc/i tfmi M q :C N ^ C N is bijective, where 

M q u = J q{x){u\f{x))~t{x)dx. (5.2) 

Proof It suffices to let q(x) be very close to Y2i S(x—aj) in the weak measure 
sense. □ 

We observe that M has the matrix 

N 

M i,k = S ^e j (a v )] k {a v ) (5.3) 



and that M q has the matrix 



M qJ,k = J q(x)ej(x)f k (x)dx. 
We now look for quantitative versions of the preceding results. 
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Lemma 5.4 Let ex, be as in Proposition ^. 1\ and also square integrable. 
Let L C be a linear subspace of dimension M — 1, for some 1 < M < N. 
Then there exists such that 



dist (~t(x),L) 2 > 



1 



vol (fi) 



tr((l-7r L )^), 



(5.4) 



where Sn = (( e j\ e k)L 2 (n))i<j,k<N and^L is the orthogonal projection from C 
onto L. 



N 



Proof Let v\, be an orthonormal basis in such that L is spanned 



by vx, vm-\ (and equal to when M = 1). Let 
scalar product on and let (• 



denote the usual 



We have 



n be the scalar product on L 2 (VL). Write 



N 



dist(^(*),L) 2 = ^|(^(x)H| 2 

e=M 

N 

l=M j 
N 

£=M j,k 



It follows that 



N 



/ dist (~t(x),L) 2 dx = ^(SqUilut) = tr ((1 - tv l )Sq). 

J Q i=M 

It then suffices to estimate the integral from above by 

vol (fl) sup dist (~e^(x), L) 2 . 

If dist (l?(x), L) 2 is constant, then any x G Q will satisfy (15. 4p . if not, 

tr ((1 - 7r L )fn) < vol (Q) sup dist (~e"(x), L) 2 

n 
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and we can find anieO satisfying f)5.4p . □ 
If we make the assumption that 

ei, is an orthonormal family in L 2 (Q), (5-5) 

then £q — 1 and (15.41) simplifies to 

maxdist (l?(x), L) 2 > , — ^ . (5.6) 

xeo vol(fi) 

In the general case, let < E\ < e 2 < ... < £tv denote the eigenvalues of 
Then we have 

inf tr ((1 - n L )£ n ) = e x + e 2 + ... + £jv-m+i =: #m- (5.7) 

dim L=M— 1 

Indeed, the min-max principle shows that 

£ fc = inf sup (£ u u\u), 

dim L'=k „g£' 
Hl=l 

so for a general subspace L of dimension M — 1, the eigenvalues of (1 — 
7r L )£ n (l - ttl) are e' x < ... < e' N _ M+1 , with e'j > Sj. 

Now, we can use the lemma to choose successively ai,...,a N G ft such 
that 

ll^(«i)H 2 > Ei 



vol (n) 



dist(e*(a 2 ), Ct(oi) ) 2 > ~ 



dist (~e>(a M ), C~e*(ai) © ... © C~t{a M ^ x )f > 



vol (ft) 

Em 
vol (fi) 



Let Ui,U2, ...jfN be the Gram-Schmidt orthonormalization of the basis 
l?(ai), 1^(02), l?(a./v), so that 

t(a M ) = c M z/ M mod(z/i, ...,u M -i), where |c M | > f ^J^y J ■ ( 5 - 8 ) 

Consider the N x N matrix E = (l?(ai) "^(02) ••• ~e*(a7v)) where 
are viewed as columns. Expressing these vectors in the basis u%, will 
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not change the absolute value of the determinant and E now becomes an 
upper triangular matrix with diagonal entries Cx, Cjv- Hence 

| det E\ = \c\ ■ ... ■ cjv|, (5.9) 

and (15.81) implies that 

i^^wT- (»») 

We now return to M in (15. 1 1) . (15.31) and observe that 

M = E o F*, (5.11) 

where 

F = (TW--7M)- (5-12) 

Now, we assume 

f 3 = e v Mj. (5.13) 

Then F* = E } so 

M = Eo f E. (5.14) 

We get from (QUI) . (l5TT4j) . that 

EiE^E n 
vol (Q) j 

Under the assumption (1 5 . 5 j) . this simplifies to 



detM|> l,; o './ . (5.15) 



It will also be useful to estimate the singular values si(M) > S2(M) > 
... > sn{M) of the matrix M (by definition the decreasing sequence of eigen- 
values of the matrix (M*M)a). Clearly, 

N 

Si > s^s^-^ 1 > Y[ Sj = \detM\, l<k<N, (5.17) 
i 

and we recall that 

si=||M||. (5.18) 
Combining (15. 15j) and (15.171) . we get 
Proposition 5.5 Under the above assumptions, 

(E l ...E N ) : k 
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6 Singular values of matrices associated to 
suitable admissible potentials 

In this section, we let P, P, p, p be as in the introduction. (The assumption 
(11.51) will not be used here.) We also choose Xo( x )i e k, P>k, D = D(h), 
L = L(h) as in and around (11.61) . (11.71) . 

Definition 6.1 An admissible potential is a potential of the form 

q{x)=Xo{%) E a k£k(x), a E C D . (6.1) 

0<fj. k <L 

Here we shall take another step in the construction of an admissible poten- 
tial q for which the singular values of P + 5h Nl q (cf f ll.9j) ) satisfy nice lower 
bounds. More precisely, we shall approximate (^-potentials in H~ s with ad- 
missible ones and then apply the results of the preceding two sections. Let 
us start with the approximation. As in the introduction we let s > n/2, 
< e < s - n/2. 

Proposition 6.2 Let a G {x G R n ; Xo( x ) = !}■ Then 3a G C D , r G H~ s 

such that 

S a (x) = xo{x) ^ a k £ k + Xo{x)r(x), (6.2) 

lM k <L 

where 

\\Xor\\H-. < C^L^-^h-?, (6.3) 
(£ l«*D* < W t+e ( E (^)" 2(S+e) l^| 2 )^ < CLt+^-f . (6.4) 

fi k <L 

Proof Observe first that if 5 a = 5(x — a) for some fixed a G R n , and s > | 
is fixed as in the introduction, 

\\6 a \\ H -. = O(l)\\{h0- S \\ L 2 = 8 (l)rl (6.5) 

In general, if u G H~ Sl (Q), Si > |, then Proposition 12.21 (where s is 
arbitrary) shows that 

oo 

u = ^2a k e k , ^2(^k)~ 2si \a k \ 2 x IMIh— i- 
i 

Thus, if s > si: 

u = 22 ak€k + r > ( 6 - 6 ) 

lM k <L 
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where 

\\r\\ 2 H -s = Yl i^r 2s H\ 2 < CL- 2 ^) \\u\\ 2 H - sl , (6.7) 

Vk>L 

( l^l 2 ) 1 ^ E (M^KI 2 ) 1 < CL S ||«|| H - S . (6.8) 

In particular, when u = 5 a , a G K, we can multiply (16.61) with xo and we get 
the proposition with si = e + n/2 □ 

Let P s be as in f[3~3D and assume (JH3D, (EH- Let ^(vr a ) = Cei©...©CeAr 
be as in one of the two cases of Proposition 13.21 By the mini-max principle 
and standard spectral asymptotics (see [2]), we know that N = 0{h~ n ) and if 
we want to use the assumption (11.51) we even have N = (9((max(a, h)) K h~ n ) 
by Proposition 14.31 For the moment we shall only use that iV is bounded by 
a negative power of h. Recall that we have (I3.14p . where s > | is the fixed 
number appearing in (13. 4p . 

Let V be a fixed neighborhood of the set K in (13.181) . which, as we have 
seen, can be assumed to be contained in any fixed given neighborhood of 
7r x p -1 (fi), where Q is the set in the introduction. Let a = [a±, ...,ajy) e V N 
and put 

N 

q a (x) = ) 5(x- cij), (6.9) 



M q a ;j,k = J qa(x)e k (x)ej(x)dx, 1 < j, k < N. (6.10) 

Then using <K1M . and the fact that \\q a \\ H -° = C(l)iV/i-"/ 2 , we get for 
all A,/i e C", 

(M qa \,n) = J q a {x)C^2\ k e k )C^2fx j e j )dx 
= 0(l)iV/r"||A||||/i|| 

and hence 

Sl (M qa ) = \\M q J c{cNyCN) = 0(l)Nh-\ (6.11) 

We now choose a so that (I5.19p . (15.201) hold, where we recall that s k is 
the k:th singular value of M Qa and Ej is defined in (15.71) . where < E\ < 
6n are the eigenvalues of the Gramian £y — ((&j\&k)L 2 (v))i<j,k<N- 

From Proposition 13 . 21 we see that e 3 -| almost form an orthonormal system 
in L 2 (V): S v = l + 0(h°°). Hence, 

Ej = N -j + l + 0(h°°). (6.12) 
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Then (15.19]) gives the lower bound 

51 ^ — voToo — = (1 + 0{ ^r ]) ^ry (fU3) 

where the last identity follows from Stirling's formula. 
Rewriting (15.201) as 



k-l 



N „ \ jv-fc+i 
^3 



and using (16.111) . we get 



fc-i 



,»> (^(AH)^. (6,4) 

Summing up, we get 

Proposition 6.3 Let V be a fixed neighborhood of the set K in A3.18\) (which 
can be assumed to be contained in any fixed given neighborhood of 7r a r 1 (fi) y ). 
We can find d, ...,ajv € suc/i i/iai if q a = S(x — aj) and M qa .^^ = 
J q a (x)ek(x)ej(x)dx , then the singular values s\ > S2 > ... > sn of M qa , 
satisfy / TOT]) . UTI^) and ([O^ . 

We shall next approximate q a with an admissible potential. Apply Propo- 
sition E3±] to each 5-function in q a , to see that 

Qa = Q + r, q = Xo(x) ^ a k e k, (6-15) 

where 

\\<i\\h- < ChT%N, (6.16) 
||r|| H -» < C e L- {s -^- e) hr% N, (6.17) 
(J2 \ ak ^ - CL^ +e h-^N. (6.18) 
Below, we shall have N = 0(h K ~ n ) so if we choose L as in (11.71) . we get 

\a\ c a < Ch-^ M+ "-% 

and q becomes an admissible potential in the sense of (11.61) . (11.71) . 
In order to estimate M r , we write 

(M r /3,7) = J r(s)(^/5 fc e fc )(^7 i e i )dx, 
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so that 

\(M r P,j}\ < C\\r\\ H -sh~%\\^2p k e k \\ H s\\ ^7jeJ^- 
Applying (I3.14p to the last two factors, we get with a new constant C > 0: 

|(M r /3,7>l<C||r|| H -^||/3||||7ll, 

so 

||M r || < Chr*\\r\\ H -.. (6.19) 
Using (I6.17p . we get for every e > 

||M P || < C e L- {s -^- e) h- n N. (6.20) 

For the admissible potential q in (16.151) . we thus obtain from (I6.14p . (16.201) : 



s k (M q ) > J} ± N (pi N ' k+1 (iV!)™ _ C t L-l-S-*h-~N. 

ClTOT( vo l(V))lv^+T \NJ 

(6.21) 

Similarly, from (16. lip . (16.201) we get for L > 1: 

\\M q \\ < CNh~ n . (6.22) 
Using Proposition I2.2[ we get f° r all si > n/2, 



, 2s I „ I 2 



ttfc 



I-' 



< 0(l)(^(^)- 2si |« fc | 2 )5L s+Sl 

fj, k <L 

< 0{l)h~^NL s+s \ 

where we used (I6.16P or rather its proof in the last step. Thus for every 
e > 0, 

\\q\\H' < 0{l)NL s+ % +e h-% , Ve > 0. (6.23) 
Summing up, we have obtained 

Proposition 6.4 Fix s > n/2 and P$ as in (TX3J), ^-4\ ); (CUSP and let n a , 

ei, . . . , ctv be as in one of the two cases in Proposition \6.2\ Let V d R n be 
a fixed open neighborhood of K in \3. 18\) and let xo £ Cq°(V) be equal to 1 
near K . Choose the h-dependent parameter L with 1 < L < 0(h~ No ) for 
some fixed N > 0. Then we can find an admissible potential q as in A6.15\) 
(different from the one in ([Op, (fff.^j ) ) such that the matrix M q , defined by 



M q]jtk = J qe k ejdx, 
satisfies h6.21\) . \6. 22\) . Moreover the H s -norm of q satisfies ([£ 
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Notice also that if we choose R with real coefficients, then we can choose 
q real-valued. 

7 Lower bounds on the small singular values 
for suitable perturbations 

As before, we let 

P ~ p + hpi + ... G S(m), p,pj G 5(777,), (7.1) 

where m > 1 is an order function on R 2 ". We assume that p — z is elliptic 
for at least one value of z G C and define X, Sqc as in the introduction. Let 
11 i C be open, simply connected with ft <£_ S, O fl Soo = 0. 

In this section, we fix a z 6 U. We will use Proposition 16.41 iteratively to 
construct a special admissible perturbation P$ for which we have nice lower 
bounds on the small singular values of P$ — z, that will lead to similar bounds 
for the ones of P$ >z and to a lower bound on | det Pg,z\- 

We will need the symmetry assumption (jl.4p . Recall that P also denotes 
the /i-Weyl quantization of the symbol P. On the operator level, (jl.4j) is 
equivalent to the property 

P* = ToPoT, (7.2) 

where Tu = u denotes the antilinear operator of complex conjugation. Notice 
that the equivalent conditions (11.41) . (I7.2p remain unchanged if we add a 
multiplication operator to P. 

As in the introduction, we introduce 

V z (t) = vol {{p G R 2n ; \p(p) -z\ 2 <t}), (7.3) 

and assume (for our fixed value of z) that 

V z (t) = 0(t K ), 0<t«l, (7.4) 

for some k G]0,1]. It is easy to see that this assumption is equivalent to 
f)4.35p . Moreover, from Proposition 14.31 (or directly from [7]) it is easy to get, 



Proposition 7.1 Assume (or equivalently fl^ . 35\ ) ) and recall Remark 

4-1 For </i<a<l, the number N (a) of eigenvalues of (P — z)* (P — z) 



in [0, a] satisfies 

N(a) = 0{a K h~ n ). (7.5) 
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Proof If e G T>(P) is normalized in L and ||(P — z)e\\ < a 2 then ||(P — 
z) -1 (P — z)e\\ < (C«)2 for some constant C > 0. By the minimax principle, 
it follows that the number of eigenvalues of (P — z)*(P — z) in [0,a] is 
smaller than or equal to the number of eigenvalues of P*P Z in [0, Ca], (where 
P z = (P — z)~ 1 (P — z)) and it suffices to apply Proposition 14.31 □ 

Let e>0,s>| + ebe fixed as in the introduction and consider 

P = P + 5 q 0l with < 5 < h, |M|ip < (7.6) 

From the mini-max principle, we see that Proposition 17.11 still applies after 
replacing P by P . 

Choose To G]0, {Ch)^\ and let N = 0(h K ~ n ) be the number of singular 
values of Po — z; < ti(Po — z) < ... < t7v(Po — z) < tq in the interval [0, t [. 
As in the introduction we put 

- — ' 71 

Ni = M + sM + — , (7.7) 

ILi 

where M,M are the parameters in (\1.7\i . Fix 9 g]0, |[ and recall that iV is 
determined by the property t N (P — z) < r < t N+1 (P — z). Fix e > 0. 

Proposition 7.2 aj // g is an admissible potential as in U.6}) . ( [i. 7| ], we 

Iklloo < C^ n/2 ||g||^ < C/T* 1 . (7.8) 

6j // iV zs sufficiently large, there exists an admissible potential q as in U.6\) . 
fll. 7\j , such that if 

Ps = Po+ 5 ~^q =: Po + 6Q,6= £h N ^ 
(so that \\Q\\<1) then 

t h Nl+n h Nl+n 
U{P S -z)> t u {P -z)- ° > (1 - —Q-)t v {Po -z), v> N, (7.9) 

U(Ps -z)> r h N \ [N - ON] + 1 < v < N. (7.10) 

Here, we put 

N 2 = 2{N 1 + n) + e , (7.11) 

and we Zet [a] = max(Zfl] — 00, a}) denote the integer part of the real number 
a. When N = 0(1), we have the same result provided that we replace ( 7.10 ) 
by 

t N (Ps) > r h N2 . (7.12) 
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Proof The part a) follows from Section [2J the definition of admissible po- 
tentials in the introduction and from the definition of Ni in (17. 7p . (See also 
(I6.23p .) We shall therefore concentrate on the proof of b). 

Let ei,...,ejv be an orthonormal family of eigenfunctions corresponding 
to t u (Po — z), so that 

(Po - z)*(P - z)e j = (tj(P - z)fe 3 . (7.13) 

Using the symmetry assumption (11.41) <^ ( 17. 2p . we see that a corresponding 
family of eigenfunctions of (P — z)(P — z)* is given by 

fj I ' ./• (7.14) 

If the non-vanishing tj are not all distinct it is not immediately clear that 
we can arrange so that fj = fj in (14.321) . but we know that fi,...,f^ and 
fx, f N are orthonormal families that span the same space F N . Let E N be 
the span of e 1; e^. We then know that 

(P - z) : E N -> F N and (P - z)* : F N -> E N (7.15) 

have the same singular values < t\ < t 2 < ... < t^. 
Define R + : L 2 -> C N , R. : C N -> L 2 by 

AT 

P+«(j) = He,), V» (./)/;. (7.16) 



i 



Then 



P = ( Po R Z R - ) : V(P ) xC N ^L 2 xC N (7.17) 



has a bounded inverse 



Since we do not necessarily have (I4.32p we cannot say that E_ + = diag (tj) 
but we know that the singular values of P_ + are given by tj(E- + ) = tj(P — 
z)i 1 < j < ^> or equivalently by Sj(E_ + ) = tjsr+i-j(Po — z), for 1 < j < N. 

We will apply Section HI and recall that iV is assumed to be sufficiently 
large and that 6 has been fixed in ]0, l/4[. (The case of bounded N will be 
treated later.) Let N 2 be given in (17. lip . Since z is fixed it will also be 
notationally convenient to assume that z = 0. 

Case 1. Sj(E_ + ) > T h N \ for 1 < j < N - [(1 - 6)N}. Then we get the 
proposition with q = 0, P$ = Pq. 
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Case 2. 

Sj(E_ + ) < r h N2 for some j such that 1 < j < N - [(1 - 9)N}. (7.18) 

Recall that for the special admissible potential q in ( 16.151) . we have (16.211) . 
For k < N/2, we have N -k + l> N/2, so 

k - 1 

< 1, 



N-k + 1 
and (16.211) gives 

By Stirling's formula, we have (iV!)^ > A^/Const, so for 1 < A; < AT/2, we 
obtain with a new constant C > 0: 

S ,(M ? )>^-^-t-^. 

Here, we recall from Proposition 17.11 (which also applies to Pq) that A" = 
0(h K ~ n ) and choose L so that 

L-^-f-^- 2 ™ < ft* 
i.e. so that (in agreement with (11.71) ) 

L>/i 73 I 37 . (7.19) 

We then get 

ft™ A" 
s fc (M g ) > — , 1 < k < -, (7.20) 

for a new constant C > 0. 

From (16\22|) and the fact that N = 0{h K ~ n ) we get 

si(Mg) < \\M q \\ < CNhT n < Ch K - 2n . (7.21) 

In addition to the lower bound (17.191) we assume as in (11.71) (in all cases) 
that 

L < ChT M , for some M > 3 _^~ ~" . (7.22) 

s — j — e 

As we saw after ( I6.18p . q is indeed an admissible potential as in (11.61) . (11.71) . 
so that by (USD 

||g||oo < ChT* \\q\\ H * < Ch- Nl . (7.23) 
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Put 

5h Nl h Nl 
Ps = P + -^q = P + 5Q, Q = -^q, \\Q\\ < 1. (7.24) 

Then, if 5 < tq/2, we can replace Pq by P$ in (17.1 7p and we still have a 
well-posed problem with inverse as in fl4.16p - fl4.2ip . satisfying fl4.25p - fl4.27p 
with Q w = Q as above. Here E°_QEl = h Nl M q /C so according to (17720]) . we 
have with a new constant C 

s k (5E°QEl) > 1 < k < -. (7.25) 

Playing with the general estimate f)4.5p . we get 

s v (A + B) > Sy+k-^A) - s k (B) 
and for a sum of three operators 

s v (A + B + C)> s u+k+ ^ 2 {A) - s k (B) - s e (C). 
We apply this to E s _ + in (I4.26P and get 

5 2 
V 



s v (E s _ + ) > s u+k ^(SE _QE° + ) - s k (E°_ + ) - 2-. (7.26) 



Here we use f TTTTBl with j = k = N - [(1 - 9)N] as well as (|735]» . to get for 
i/ < JV - [(1 - 0)JV] 

> - T Q h N > - 2-. (7.27) 

Recall that 9 < ~. 
Choose 

<5 = i^* 4 *, (7.28) 

where (the new constant) C > is sufficiently large. 

Then, with a new constant C > 0, we get (for h > small enough) 

s v (EL + ) > ^h Nl+n , 1 < v < N - [(1 - 0)JV], (7.29) 

implying 

s„(.Ef. + ) > 8^/1^, 1 < i/ < N - [(1 - 9)N}. (7.30) 
For the corresponding operator Pg, we have for v > N: 

rah Nl+n 

U(Ps) > U(P ) - 5 = U(P ) - c ■ 
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Since t„(P) > r in this case, we get (17.91) . 
From QUI]) and dOB. we g et dZZIDD- 

When N = 0(1), we still get (I727I1 with v = 1 and this leads to fl7l2|) . 

□ 

The construction can now be iterated, assume that N ^> 1 and re- 
place (P ,iV,ro) by (P s ,[(l - 6)N),T h N *) =: (P« JV^, r (1) ) and keep on, 
using the same values for the exponents Ni,N 2 . Then we get a sequence 
(p(fe) ; jyW, r (fe) ), k — 0,1, fc(iV), where the last value k(N) is determined 
by the fact that N^ N ^ is of the order of magnitude of a large constant. 
Moreover, 

U(P (k) ) > r (fe) , N {k) <v< N^, (7.31) 
U(P {k+1) ) > U(P {k) ) - , v > N®, (7.32) 

T (k+1) = T (k) h N 2j (7 _ 33) 

jV(* +1 > = [(l-0)JVW], (7.34) 

p(0) = p ; ^(0) = ^ r (o) = ^ 

Here, 

p(fc+l) = p(fe) _|_ S (k+l)Q(k+l) = p{k) + ^ (fc+1 > JV l g (fc+l) ) 

HQ^II <1, = ^ h) h N ' +n . 

Notice that decays exponentially fast with k: 

N (k) < (1 - #) fc iV, (7.35) 
so we get the condition on k that (1 — 6) k N > C <^ 1 which gives, 

lug 

fc < -±. (7.36) 

We also have 

r (fc) = r (^) fc . (7.37) 
For v > N, we iterate (17.321) . to get 

uNi+n 

tu(P {k) ) > t u (P)-T —^(l + h N * + h 2N > + ...) (7.38) 



(,JVi+n 

> t u (P) - r O(-^[ 
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For 1 <C v < N, let £ = £(N) be the unique value for which < v < 
iV^- 1 ), so that 

U{P {£) )>r^\ (7.39) 

by (JZ3U). If fc > t, we get 

U(P {k) ) > U(P {e) ) - 4 £) 0(^). (7.40) 

In & 

The iteration above works until we reach a value k = k$ = 0( — — ^ 



for which N^ ' = 0(1). After that, we continue the iteration further by 
decreasing by one unit at each step. 

Summing up the discussion so far, we have obtained 

Proposition 7.3 Let (P, z) satisfy the assumptions as in the beginning of 
this section and choose P as in ( |7.6p . Let s>| ; 0<e<s — \, M > s 3 ™n* e > 

JVi = M+sM+f ; N 2 = 2(A^i+n)+e , where e > 0. Let L be an h- dependent 
parameter satisfying 

K — 3n 

h 7 ^ < L < Ch- M . (7.41) 

Let < To < and Zet = 0(h K ~ n ) be the number of singular values of 
Po — z in [0, To[. Let < 6 < j and let N(9) ^ 1 be sufficiently large. Define 
N^ k \ 1 < k < ki iteratively in the following way. As long as > N(6), 
we put 7V( fc+1 ) = [(1 — 8)N^ k ']. Let k > be the last k value we get in this 
way. For k > k put j\K fe+1 ) = — 1, until we reach the value k\ for which 
iV (fcl) = 1. 

Put Tg = Toh kN2 , 1 < k < kx + 1. Then there exists an admissible 
potential q = qh(x) as in U.6]) . \1.7\) , satisfying Ii6.18\) . K6. 23\) . so that, 

\\q\\ H . < 0(l)h- N ^, \\q\\ L oo < 0(l)h- N \ 

such that ifP s = P + ±T h 2N i +n q = P + 5Q, 5 = ±h Nl + n r Q , Q = h N >q, we 
have the following estimates on the singular values of Pg — z: 

• Ifv> iV (0) ; we have t u (P s - z) > (1 - *^)*„(P - z). 

• J/JVW < v < iV^ 1 ), 1 < k < k 1; thent u (P s -z) > (l-O(/i JVl+n ))r (fc) . 

• Finally, for u = = 1, we havet x {P 6 -z) > (1 - 0(h Nl+n ))4 kl+1) . 
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We shall now obtain the corresponding estimates for the singular val- 
ues of P$ jZ = (Pg — z)~ 1 (P$ — z). Let ei,...,ejv be an orthonormal family 
corresponding to the singular values tj(Ps) in [0, Vh[, put fj = ej and let 

(Ps — z)u + = v, R + u = v + 

be the corresponding Grushin problem so that the solution operators fulfil 

||£|| < -^=, ||£±|| < 1, tj(E. + ) = tjiPs) <Vh, 1<J<N. (7.42) 

Still with z = we put FL- = P^ 1 R-. Then the problem 

Pg iZ u + -R_m_ = v, R + u = v + , 
is wellposed with the solution 

u = Ev + E + v+, U- = E-V + E (.?;+, 

where 

E = EPg , E+ = E+ 
E— = E—P$ , E— _|_ = -£/—+• 

Adapting the estimate (14.81) to our situation, we get 

t k {P s , z ) > „ ~„ , hm 1 < k < N, (7.43) 

\\EPs\\t k (P s ) + \\E + \\\\E„P s \\ 

where we also recall that tk(Ps) < Vh- 
Write 

EP 5 = EP S + E(P-P) 
E^P S = E^P S + E_(P-P) 

and use that 

EP S = 1- E + R + = 0(1) in C(L 2 , L 2 ) 
E_P S = -E_ + R + = 0(Vh) in C(L 2 } £ 2 ) 

together with fl7T42l and the fact that \\P - P\\ =0(1). It follows that 
\\EP s \\=0(^=), \\E.P S \\ = 0(1). 
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Using this in f)7.43p . we get 

. (p \ > tk(Ps) > t k (P S ) 
Vh 

where used that tk(Ps) < Vh when 1 < k < . Now the choice of N2 
gives us some margin and we can even get rid of the effect of 2C and get for 
r e]0,Vh]: 



Proposition 7.4 Proposition 7J3 remains valid if we replace P$ — z there 
with Ps )Z . 

Consider the operator Pg jZ in Proposition \7A\ let To G]0, y/h] and choose 
a corresponding associated Grushin problem 



Ps,z R-,6 

R+,5 



as in fl4.9p - fl4.lip so that f)4.33p holds and moreover for the corresponding 
E E + 



inverse 



t u {E„ + )=U{P s>z ), l<u<N<®. 

We have 

at(o) 

|det£_+| = Y[t„(E-+), (7.45) 
1 

and we shall estimate this quantity from below. In the terms of Proposition 
17.31 we have for 1 < k < k^: 

N (k~i)_ N (k) = iV (A-i)_[( 1 _^ iV (fc-i)] < ^ (fc ~ 1} + i < i+e{i-e) k ~ 1 N ( -°\ 

so according to Proposition 17.41 we know that 

AT(fc-i) 

H t v {E_ + ) > ((1 - 0(h m+ ^))r Q h kN2 ) 1+9 ^ kNW . 

l+NW 

For the bounded number of k with ko < k < ki, we have N^ k ~^ — = 1 
and t N (.j.-x)(E- + ) > (1 - O(h Nl+n ))T h kN \ Hence from fT7^5|) : 

ko 1 1 

ln|det£_+| > -^(C(/i 7Vl+n ) + ln— + jUV 2 ln~)(l + 0(1 - 0) fe_1 iV^) 



fe=l 
fci+i 



t h' 

\"(0(h Nl+n ) + In — + kN 2 In - 

T o h' 

fco+l 
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Recall also that k x = 0(\nN^) = 0(1) ln±, and that N<® = 0{h^ n ) (by 
(J73D with a = 0(h), valid for P ). We get 

fci 

ln|det£_ + | > -C(ln- + (lni) 2 )|^(l + 0(l-0) fe ^) (7.46) 

r ° fc=0 

> -C(ln — + (In ^) 2 ) (h K - n + In -) . 

To h h 

Combining this estimate with (14.331) and (I4.43P for a = h, we get when 
r = \fh: 

Proposition 7.5 For the special admissible perturbation P$ in the proposi- 
tions 1 7. 4 |7.^[ we /iai>e 



ln|detP^|> (7.47) 
In \p M \dxd£ - O (h*^ + (h* + h n In i)(ln i + (In i) ; 



We also have the upper bound 

|detP_ + | < ||P-+|| iV<0) < exp(CiV (0) ), 
which together with (I4.33p . (14.431) gives 

In | det P 5 , z \ < (^JJ l n + Q (W^i + ^ In . 

(7.48) 

Notice that this bound is more general, it only depends on the fact that 
the perturbation of P is of the form 5Q with 5 = Toh Nl+n /C and with 

\\Q\\=o(i). 

When To < \/h we keep the same Grushin problem as before and notice 
that the singular values of E |_ that are < To, obey the estimates in Proposi- 
tion [731 Their contribution to ln | det E h | can still be estimated from below 

as in (I7.46p . The contribution from the singular values of E |_ that are > tq 

to ln | det E |_| can be estimated from below by —0(h K ~ n ln(l/ro)) and hence 

(I7.46P remains valid in this case. We conclude that Proposition \7.5\ remains 
valid when < r < \fh. The same holds for the upper bound ([X^ffi ). 
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8 Estimating the probability that det E^_ + is 
small 

In this section we keep the assumptions on (P, z) of the beginning of Section 
[7] and choose P as in (17. 6p . We consider general Pg of the form 

P S = P + 6Q, 5Q = 6h N ^g(x), 6 = ^h^ +n r , (8.1) 

where q is an admissible potential as in (11.61) . (II. 7p . Notice that D := 
A^fc < L} satisfies: 

D < 0{L n h~ n ) < 0(h- N3 ), N 3 := n{M + 1). (8.2) 

With R as in (II. 6p . we allow a to vary in the ball 

\a\ C D < 2R = 0(hT Tl ). (8.3) 

(Our probability measure will be supported in B c d(0,R) but we will need 
to work in a larger ball.) 

We consider the holomorphic function 

F(a) = (detP SjZ )exp(-^— J j \*\p z \dxd£). (8.4) 

Then by (I7.48p . we have 

ln|F(a)| < e (h)h~ n , \a\ < 2R, (8.5) 

and for one particular value a = a with |a | < ^R, corresponding to the 
special potential in Proposition 17.31 

ln|F(a°)| > -e {h)h- n , (8.6) 

where we put 

e (h) = C (h Nl+n -s + (h K + h n In i)(ln — + (In y 
\ h To h 



) 2N 



7) 



Here Ni > 1/2 by (11. 8p so we can drop the first term in (18.71) . 

Let a 1 G C D with | ct 1 1 = R and consider the holomorphic function of one 
complex variable 

f(w) =F(a° + wa 1 ). (8.8) 



47 



We will mainly consider this function for w in the disc determined by the 
condition \a° + wa l \ < R: 



-Da , a 1 



w 



~R ~R 



< 1 



R 



+ 



~R ~R 



-: r, 



o- 



5.9) 



whose radius is between ^ and 1. 
From (JSI5D, AMD we get 

In |/(0)| > -e (h)h- n , In < e (/i)/r n 



(8.10) 



By (18. 5p . we may assume that the last estimate holds in a larger disc, say 

~4),3r /2). 



D(— (%|%), 2ro). Let «ji,...,i«m be the zeros of / in D 
Then it is standard to get the factorization 

M 

/(u,) = e 9{w) Y[{w - Wj ), w G D{- 



R I R 



,az° , a 1 . 



i2 1 iT' 
i 

together with the bounds 

\Kg(w)\ < O(e {h)h~ n ), M = O(e (h)h- 



4r /3), 



fs.ir 



(8.12) 



See for instance Section 5 in [TT] where further references are also given. 
For < e < 1, put 

fi(e) = {r£ [0,r [; 3w G D a o a i such that |u>| = r and |/(w)| < e}. (8.13) 



If r G f2( e ) and w is a corresponding point in D a o a i, we have with rj 



\w 



3\i 



M 

n 



M 



r — r~ 



<\\\w-Wj\ < eex.p(O(e (h)h~ n )). 



(8.14) 



Then at least one of the factors \r— rj\ is bounded by {ee o ^ e0 ^ h ' h n )) 1 / M . In 
particular, the Lebesgue measure A(f2(e)) of Q(e) is bounded by 2M(ee°^ ^ h n )) 1 / M . 
Noticing that the last bound increases with M when the last member of f)8.14p 
is < 1, we get 

Proposition 8.1 Let a 1 G C D with | or 1 1 — R and assume that e > is small 
enough so that the last member of ( |#.i^| ) is < 1. Then 

A({re[0,r ]; \a Q + ra x \<R, \F(a° + ra l )\ < e}) < 
e (/i) 



(8.15) 



h n 



exp(C(l) + 



h n 

O(l)e (h) 



hie . 



Here and in the following, the symbol 0(1) in a denominator indicates a 
bounded positive quantity. 
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Typically, we can choose e = exp — for some small a > and then 
the upper bound in (18.151) becomes 

€oW exp(0(l) 1 ^ 



/i» ^ v vy 0(1)/^' 

Now we equip B c d(0, R) with a probability measure of the form 

P(da) = C{h)e^ a) L{da), (8.16) 

where L(da) is the Lebesgue measure, $ is a C 1 function which depends on 
h and satisfies 

|V$| = 0(h~ N4 ), (8.17) 

and C(h) is the appropriate normalization constant. 

Writing a = a + Rra 1 , < r < ^(a 1 ), a 1 E S 20 ' 1 , & < r < 1, we get 

P(da) = C{h)e^ r) r 2D ~ l drS{da l ), (8.18) 

where 0(r) = (f> a o ;(X i(r) = $(a° + rfla 1 ) so that <j>'{r) = 0(h~ N5 ), N 5 = 
N4 + M. Here S^da 1 ) denotes the Lebesgue measure on S 20 " 1 . 
For a fixed a 1 , we consider the normalized measure 

//(dr) = C^e^r^^dr (8.19) 

on [0, ^(a 1 )] and we want to show an estimate similar to (18.151) for \x instead 
of A. Write e ^( r ) r 2D - 1 = exp(0(r) + (2D — 1) lnr) and consider the derivative 
of the exponent, 

All \ _L 2D ~ 1 

(p (r) H . 

r 

This derivative is > for r < 2?o, where ro = C^ 1 min(l, Dh Nb ) for some 
large constant C, and we may assume that 2ro < tq. Introduce the measure 
JI > fi by 

ftdr) = C(h)e*^T*£ x dT, r max := max(r, r ). (8.20) 
Since Jl([0,r )) < /i([r , 2f ]), we get 

^([O,^ 1 )])^^). (8.21) 

We can write 

JZ(dr) = C(h)e^ r) dr, (8.22) 

where 

f{r) = 0(max(D, h~ N ')) = 0(h~ N6 ), (8.23) 
iV 6 = max(Ar 3 ,Ar 5 ). 
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Cf ( jop . 

We now decompose [0,r (a 1 )] into x h~ Ne intervals of length x h N(i . If / 
is such an interval, we see that 

X ( dr ) gdr) \{dr) 

cW)-m- c Mi) on 7 (8 - 24) 

From f)8.15p . f)8.24|) we get when the right hand side of (I8.14p is < 1, 

?({reJ;|F(a° + rito 1 )|<c})/?(J) < °^ C ff exp( Q ^ Ine) 

= 0(l)^«^fflp(— f-rlne) 
V 7 fr 1 PV C(l)e (/i) ; 

Multiplying with and summing the estimates over / we get 

K{r G [0,r(c/)]; iF^+rito 1 )! < e}) < (l)fe-^^exp( ^ lne). 

(8.25) 

Since /i < /2, we get the same estimate with /I replaced by \x. Then from 
dSJBP we get 

Proposition 8.2 Let e > be small enough for the right hand side of jjj8.14\ ) 
to be < 1. T/ien 

P(|F(a)| < e) < (l)h- N ^e^( ^ lne). (8.26) 

Remark 8.3 In the case when has real coefficients, we may assume that 
the eigenfunctions 6j are real, and from the observation after Proposition 16.41 
we see that we can choose a above to be real. The discussion above can 
then be restricted to the case of real a 1 and hence to real a. We can then 
introduce the probability measure P as in (I8.16P on the real ball _B r d(0, R). 
The subsequent discussion goes through without any changes, and we still 
have the conclusion of Proposition 18.21 



9 End of the proof of the main result 

We now work under the assumptions of Theorem 11.11 For z in a fixed neigh- 
borhood of T, we rephrase (I8.5P as 

I det P s>z \ < exp ^{j^y J J In \p z \dxd^ + e (h)), (9.1) 
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where eo(h) is given in (18. 7p . Moreover, Proposition 18.21 shows that with 
probability 

h n i 1 

> 1 - 0(l)h- N *- n e (h)e~°w*oW ln <, (9.2) 

we have 

IdetP^l > "xp(^(-^-) J j hx\p z \d^), (9.3) 
provided that e > is small enough so that 

The right hand side of fljEH) is < 1, Va 1 G S 2D ~ l . (9.4) 
From (18.71) and the subsequent remark we can take 

e (h) = C(h K + h n \nh(\n- + (\nh 2 ). (9.5) 

n tq n 

Write e = e~ z/h ", e = h n ln±. Then flO} holds if 

e>Ce (/i), (9.6) 

for some large constant C. (19.21) . (19.31) can be rephrased by saying that with 
probability 

> 1 - O(l)h- Na - n e {h)e~^^ , (9.7) 

we have 

|detP^| >exp^(-i- J J hi\ Pz \dxd^-e). (9-8) 
This is of interest for e in the range 

eo(/i)«e<l. (9-9) 

Now, let T (<= f2 be connected with smooth boundary. Recall that < 
k < 1 and that 

(14.351) holds uniformly for all z in some neighborhood of <9I\ (9.10) 
Then the function 

^ = 7^7 II fo\Pz\dxd£ (9.11) 



(2tt)" 

is continuous and subharmonic in a neighborhood of dT. Moreover it satisfies 
the assumption (11.37) of [7J uniformly for z in some neighborhood of dT 
with p there equal to 2k. We shall apply Proposition 11.5 in [7J to the 
holomorphic function 

u(z) = detP 5 , z , 
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with "e" there replaced by Ce for C > sufficiently large and u h v there 
replaced by h n . Choose < r C 1 and z±, z N E dT + D(0, as in that 
proposition, so that 



dT + D(0, r) C UiD(z~, 2r), N 



Then, according to (19.71) . (19.81) we know that with probability 



> 1 - °^ h) e -^km (9.12) 
~~ rh N(i+n 

we have 

h n ln|«(^)| > (j)(zj) -e, j = l,...,N. (9.13) 
In a full neighborhood of dT we also have 

h n In \u{z)\ < (j){z) +C?. (9.14) 

By Proposition 11.5 in [7] we conclude that with probability bounded from 
below as in (I9.12p we have for every M > 0: 

l#( ^ 1(0)nF) "^/ r AWI " (9 ' 15) 
C)< ' ' ( ~ + <?m(1)(^ + H~)MdT + D(0, r)) 



h n \r 

where /i denotes the measure A<pL(dz). Choose M = 1. 

According to Section 10 in [7], we know that near T, the measure ^A(fiL(dz) 
is the push forward under p of (2ir)~ n times the symplectic volume element, 
and we can replace ^A(pL(dz) by this push forward in (19.151) . Moreover 

m _1 (0) is the set of eigenvalues of P$ so we can rephrase (19.151) (with M = 1) 

as 

^KP^nn-^-^voi^- 1 ^))! < (9.16) 

°( l > ( e + o(l)(r + ln(-))vol (p-^dT + D{0, r))) 



h n \r r' 



This concludes the proof of Theorem 11.11 with P replaced by the slightly 
more general operator P . 
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10 Appendix: Review of some /i-pseudodiffer- 
ential calculus 



We recall some basic /i-pseudodifferential calculus on compact manifolds, 
including some fractional powers in the spirit of R. Seeley [TU] . Recall from 
[H] that if X C R n is open, < p < 1, m G R, then S™(X x R n ) = 
S %i- P ( X x R ") is defined to be the space of all a G C°°(X x R n ) such that 
\/K d X, a, j3 G N n , there exists a constant C = C(iC, a, (3), such that 

|S^flfo(ar,0l < C(£) m ~ p|/3|+(1 ~ p)|a| , Gi^xR". (10.1) 

When a(x, £) = a(x, £; h) depends on the additional parameter h G]0, ho] for 
some ho > 0, we say that a G S™(X x R n ), if fllO.ip holds uniformly with 
respect to h. For /i-dependent symbols, we introduce S™' k = h~ k S™. When 
p — 1 it is customary to suppress the subscript p. 

Let now X be a compact n-dimensional manifold. We say that R = Rh '■ 
T>'(X) — > C°°(X) is negligible, and write R = 0, if the distribution-kernel 
/Tr satisfies d"d^K R {x,y) = 0(h°°) for all G N n (when expressed in 
local coordinates). 

We say that an operator P = Ph : C°°(X) — > T>\X) belongs to the space 
L m ' k (X) if 4>Ph^ is negligible for all 0, ip G C°°(X) with disjoint supports 
and if for every choice of local coordinates xi,...,x n , defined on the open 
subset X C X (that we view as a subset of R"), we have on X for every 
u G C™{X): 

iMz) = y I e^-^afo 5; h)u(y)dyd9 + Ku{x), (10.2) 

where a G S m ' k (X x R") and X is negligible. 

The correspondence P i— > a is not globally well-defined, but the various 
local maps give rise to a bijection 

L rn ' k (X) / L m ~ 1,k ~ l (X) -> S m ' fc (T*X) /5 m - 1 ' fe - 1 (T*X), (10.3) 

where we notice that S m,k {T*X) is well-defined in the natural way. The 
image &p{x, £) of P G L m,k (X) is called the principal symbol. 

Pseudodifferential operators in the above classes map C°° to C°° and 
extend to well-defined operators D'(X) — > P'(X). They can therefore be 
composed with each other: If Pj G L m ^' k '(X), for j = 1,2, then P x o P 2 G 

L m 1 +m 2 ,fc 1 +fc 2 _ Moreover -p loft (x,0 = <Xp 2 (x,0a Pl (x,0- 

We can invert elliptic operators: If Ph G L m,k is elliptic in the sense that 
\crp(x, £)| > Qh~ k (£,) m , then P^ is invertible (either as a map on C 00 or on 



53 



V) for h > small enough, and the inverse Q belongs to L m > k . (If we 
assume invertibility in the full range < h < h then the conclusion holds 
in that range.) Notice that a Q (x,£) = l/a P (x,£) G S - m - k /S~ m - 1 '- k ~ 1 . 

The proof of these facts is a routine application of the method of station- 
ary phase, following for instance the presentation in [I]. 

Let R be a positive elliptic 2nd order differential operator with smooth 
coefficients on X, self-adjoint with respect to some smooth positive density 
on X. Let r(x,£) be the principal symbol of R in the classical sense, so that 
r(x, £) is a homogeneous polynomial in £ with r(a;,£) x |£| 2 . Then P := h 2 R 
belongs to L 2,0 (X) and cr h 2R = r. 

Proposition 10.1 For every s G R, we have (1 + h 2 R) 2s G L 2s '° and the 
principal symbol is given by (1 + r(x, £)) s - 

Proof It suffices to show this for s sufficiently large negative. In that case 
we have 

(1 + h 2 RY = — [(1 + z) s (z - h 2 RY x dz, (10.4) 

27TZ J 7 

where 7 is the oriented boundary of the sector arg (z + |) < 7r/4. For z G 7, 
we write 

(z-h 2 R) = \z\(^--h 2 R),h= h 



\z\ 



1 1/2 • 



and notice that A — h 2 R G L 2,0 is elliptic when we regard h as the new 
semi-classical parameter. By self-adjointness and positivity we know that 
this operator is invertible, so (-A — /i 2 i?) _1 G L~ 2,0 , and for every system of 

local coordinates the symbol (in the sense of /i-pseudodifferential operators) 
is 

l —— + a, aeS- 3 '- 1 . (10.5) 

The symbol of (z — /i 2 _R) -1 as an /i-pseudodifferential operator is therefore 

+ o«(*.ttL)- (10 - 6) 



Here the first term simplifies to [z — r(x, £)) _1 anc i t ne corresponding contri- 
bution to (110. 4p has the symbol (1 + r(x, £)) s . 

The contribution from the remainder in (110. 6p to the symbol in f llU.4j) is 

b M ■■-hL J ^ a{x '\zW )dz ' 
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where we will use the estimate 

flMfjli**. j^) = o(^^(^r'- w ) = o(h)(u\ + | £ |»>-* M ». 

(10.7) 

Thus, 

8%d%b = 0(l)h [ \z\ s (\z\ + |e| 2 )"^ (3+l/3|) |^l- (10.8) 
In a region |£| = 0(1), we get 

d^b = 0(1). 

In the region |£| 1 shift the contour 7 in (110.41) to the oriented boundary 
of the sector arg (z + ||£| 2 ) < f . Then we get (110.81) for the shifted contour 
and the integral can now be estimated by 



roc 

0{h) / f-*'dt = 0(h\tf 



, -t- 1 ! 1 ^ _ /nru\t\2s-i- 
The proposition follows. □ 
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